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1 Introduction and summary 

In many instances a better understanding of a physical system or theory takes place once 
this system or theory is put under deformation. Recently there was an interesting proposal 
on how to deform the sigma model for strings on AdSs x S® while keeping its classical integra- 
bility [1] . Deformations of this type constitute a general class of the so-called Yang-Baxter 
deformations [ 2 , 3], which in modern parlance comprise 77 - [1], [4]-[9] and A-deformations 
[10]-[13], as well as deformations related to solutions of the classical Yang-Baxter equation 
[14]-[20]. Our primary interest in studying these deformations is that they typically break 
(super) symmetries of the original string model, yet allowing for a possibility to solve them 
exactly. 

Here we continue the studies of the j^-deformed AdSs x S® sigma model based on 
a solution of the modified classical Yang-Baxter equation corresponding to the standard 
Dynkin diagram of the psu(2,2j4) superalgebra. Recall that for this model the metric 
and the R-field are explicitly known [4]. At the classical level the model exhibits a local 
fermionic K-symmetry and a hidden PSUq(2,2j4) symmetry [7]. It was shown [4] that its 
world-sheet bosonic tree-level scattering matrix factorises into two copies, each of which 
coincides under proper identification of the parameters with the large tension limit of 
the g-deformed S-matrix found from quantum group symmetries, unitarity and crossing 
[ 21 , 22 ]. 

The aim of the present paper is to clarify an important question of whether or not 
the r^-deformed model is type IIB string sigma model. As we will show, under certain 
assumptions the answer turns out to be negative. 

One way to approach this question would be to try to find an embedding of the given 
NSNS background into a full solution of type IIB supergravity. Given complexity of the 
NSNS background, this appears however a rather difficult task. First of all the equation 
for the dilaton has many solutions and also many components of the RR forms seem to 
be switched on. Surprisingly, A-deformations and deformations based on solutions of the 
classical Yang-Baxter equation behave better in this respect, and some of the metrics 
could be completed to a full supergravity solution. Even if successful, this approach does 
not however guarantee that the string sigma model in the corresponding supergravity 
background will actually coincide with a deformed model. 

Another way to proceed is to note that the Green-Schwarz action restricted to quadratic 
order in fermions contains all the information about the background fields. The correspond¬ 
ing Lagrangian has the form, see e.g. [23-25], 

^02 = -| i 0/ 

where 0/ are two Majorana-Weyl fermions of the same chirality. The operator acting 
on fermions has the following expression 

og =6" (s„ - i<"r„„) + 


- 2 - 



where (e, ui, H) constitute a vielbein, the spin connection and the field strength of a i3-field, 
while -F’s are RR forms and y? is a dilaton. Note that the dilaton and RR forms appear only 
through the combination e'^F. An approach we undertake in this paper will be therefore 
to work out the quadratic fermionic action starting from the r/-deformed action of [1] 
and some conveniently chosen representative of the coset PSU(2,2|4)/SO(l,4) x SO(5). 
Then we need to find a field redefinition which brings this action into the Green-Schwarz 
canonical form above. This would allow us to identify the background fields and further 
check if they satisfy the equations of motion of type IIB supergravity and, in particular, 
to find a solution for the dilaton. Such a strategy works perfectly, for instance, for the 
AdSs X sigma model [26]. 

We succeeded in constructing a field redefinition which brings the quadratic fermionic 
Lagrangian of the r/-deformed theory to the canonical form. However, reading off the cor¬ 
responding RR couplings^ in section 2.3, we find that they fail to satisfy the supergravity 
equations! The next surprising observation is that these couplings do not meet the neces¬ 
sary conditions of the mirror duality [27], and, as the consequence, the mirror background 
[28] is not reproduced in the expected limit r/ —?■ 1. Although this duality is a symmetry 
of the exact S-matrix, it involves rescaling of the string tension and therefore its absence 
in the classical Lagrangian might be explained by the order of limits problem. 

Another interesting observation, which supports the correctness of our result, concerns 
a reproduction of a known string background. As was previously noted by one of us [29], 
there is a special scaling limit under which the r/-deformed metric and R-field reproduce 
the NSNS part of the Maldacena-Russo background [30] dual to a non-commutative Yang- 
Mills theory.^ Now we observe that in this limit the RR couplings we found precisely 
reproduce the rest of the Maldacena-Russo background which is a genuine solution of type 
IIB supergravity. 

In view of these surprising results it is time to ask how our findings are compatible with 
K-symmetry, especially in view of the work [31, 32], where it was shown that the fulfilment 
of the supergravity constraints is sufficient for the Green-Schwarz action to be invariant 
under K-symmetry. To answer this question, we have explicitly developed the K-symmetry 
transformations of the 7?-deformed model [1] to the leading order in fermions. We then 
find that the same field redefinition which brings the original Lagrangian to the canonical 
Green-Schwarz form also brings the K-symmetry variations of the target-space coordinates 
to the standard form in type IIB theory. Then the variation of the world-sheet metric auto¬ 
matically acquires the standard form as well and contains RR couplings, allowing therefore 
for their independent determination. The RR couplings we read off from the K-variations 
of the world-sheet metric coincide with what we found from the canonical Lagrangian. 
Glearly, at the level of the quadratic Lagrangian K-symmetry cannot say anything about 
equations of motion for RR couplings. Indeed, the latter couple to fermion bilinears and 
their leading order K-symmetry variations should be combined with variations of the quar- 

^Throughout the paper we loosely refer to T-forms as to RR couplings although as found a posteriori 
they are not a part of a supergravity background. 

^The NSNS part of the Maldacena-Russo background also appears in the context of deformations related 
to solutions of the classical Yang-Baxter equation [15]. 
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tic fermionic terms to produce differential constraints on F's which guarantee invariance of 
the action. The failure of the RR couplings to satisfy the supergravity equations including 
the Bianchi identities suggests that K-symmetry transformations in the ry-deformed theory 
will deviate from that of the Green-Schwarz superstring beyond the leading order. 

Now we comment on the issue of field redefinitions. How can one be sure that no 
other field redefinitions exist which produce better results for RR couplings? Note that we 
already brought our Lagrangian to the canonical form where NSNS fields (e,a;, H) appear 
automatically to be the same as determined from the bosonic action. Thus, if we want to 
perform further field redefinitions we have to require that they keep the NSNS part of the 
fermionic action untouched and change exclusively the RR content. Moreover, in the limit 
r/ —)■ 0 such redefinitions should either trivialize or become a symmetry transformation of 
the undeformed model and the same must be true for the scaling limit to the Maldacena- 
Russo background. By performing an infinitesimal analysis we then show that there is 
no smooth r/-dependent transformation of fields which reduces to the identity in the limit 
r/ —>■ 0 and does not modify the NSNS part of the action. An existence of discrete, i.e. 
ry-independent transformations is much more difficult to rule out and, therefore, our result 
on non-existence of the supergravity background is only applied if no such transformation 
exists. 

Since inclusion of fermions leads to a variety of puzzling results, we find it interesting 
to extend our earlier computation of the bosonic tree-level two-particle S-matrix [4] to 
include fermions. What we are computing is in fact T-matrix. In the purely bosonic case 
this T-matrix factorises into two parts, each satisfies the classical Yang-Baxter equation 
(i.e. it is a classical r-matrix) and coincides with the leading term of the large tension 
expansion of the known g-deformed S-matrix. In other words, this T-matrix has precisely 
the same properties as its undeformed counterpart. We then use our quadratic fermionic 
Lagrangian to compute new elements in the scattering matrix and discover that this time 
it does not factorise on two copies. This nice property is spoiled by Boson-|-Fermion —?■ Bo- 
son-|-Fermion scattering elements. However, there exists a unitary momentum-independent 
transformation of the basis of two-particle states which brings our T-matrix to a factoris- 
able form. Each factor coincides with the large tension limit of the psUq(2|2)-invariant 
S-matrix. The transformation of the two-particle basis we found does not however admit 
a factorisation on transformations of one-particle states. A similar situation has been ob¬ 
served at the one- and two-loop level where integrability of the corresponding S-matrix 
obtained through unitarity-based methods also required a (momentum-dependent) one- 
particle-unfactorisable rotation on the basis of two-particle states [9].^ We note that one 
can think about our unitary transformation as acting on the Hamiltonian which then be¬ 
comes highly non-local. Moreover, this transformation is ry-independent and is therefore a 
symmetry of the undeformed S-matrix. 

The light-cone Hamiltonian has an important feature. Although the theory has only q- 
deformed supersymmetry, the masses of bosons and fermions in the light-cone Hamiltonian 

®One important difference, though, is that in [9] factorisation of the T-matrix could be also achieved 
by performing a one-particle transformation which made however the spin and dimension of single-particle 
states complex. 
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appear to be the same and they both have a mild dependence of the deformation parameter. 
Thus, the BMN vacuum is supersymmetric just as it was in the undeformed case. 

The paper is organised as follows. In the next section we recall the basic facts about 
the r/-deformed AdSs x sigma model, describe the main steps in the derivation of the 
fermionic quadratic Lagrangian, present and discuss our main result on the RR couplings. 
Section 3 contains an alternative derivation of the RR couplings from K-symmetry. Section 
4 is devoted to the discussion of residual held redehnitions. In section 5 we present the 
T-matrix and discuss how to achieve its factorisation and fulhlment of the Yang-Baxter 
equation. Dehnitions and technical derivations are relegated to three appendices. For the 
reader’s convenience we also attach appendix D with the equations of motion of type IIB 
supergravity. 


2 Quadratic fermionic Lagrangian and RR couplings 


2.1 T 7 -deformed model 

Let us recall that the Lagrangian density of the r/-deformed model is given by [1] 




1 




( 2 . 1 ) 


and the action S is normalised as S = f dadr^. We use the notations and conventions from 
[33]: e’’”' = 1; 7 “^ = , 7 '’’’' < 0; is the effective string tension. The current Aa = 

—g~^dag, where 0 = 0 (r, cr) is a coset representative from PSU(2, 2|4)/SO(4,1) x SO(5). 
The operators d and d acting on the currents Aa are dehned as 

d = Pi + - - 2-^2 ~ P 3 , d = —Pi + -- kP 2 + P 3 , 

where Pi, i = 0,1, 2, 3, are projections on the corresponding components of the Z 4 -graded 
decomposition of the superalgebra psu(2,2|4), see appendix A.l. 

The operator Pg acts on M G as follows 

Pg(M) = g~^R{gMg~^)g , (2.2) 


where P is a linear operator on which in this paper we define as 

( 1 if i < j 

R{M)ij = -ieijMij , eij = < 0 a i = j , 

[-1 A i> j 


(2.3) 


where M is an arbitrary 8 x 8 matrix. This choice of P corresponds to the standard Dynkin 
diagram of psu(2,2|4). 

In our previous paper [4] the fermions were switched off, a particular choice of the 
bosonic coset element 0 t, was made, and the operator 1/(1 — r/Pgj, o d) was found and 
used to determine the bosonic part of the T/-deformed action. Introducing the convenient 
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Figure 1: Geometry of the 77 -deformed background depicted via embeddings of two-dimensional 
surfaces (t,/?) and {4>,r) and into three-dimensional pseudo-euclidean and euclidean spaces, respec¬ 
tively. 


deformation parameter x = ^^ and g = g^/l + the //-deformed metric and the S-field 
can be written in the form 


-dsi = - 


+ 


dp^ 


+ - 


dt^ (1 -b p^) 

1 — x^p^ ' (1 _|_ p2^ (X — x^p"^) 

dQ'^p^ d'il)ip^ cos^ C 


+ 


-b d'ijj2P^ sin"' C ; 


1 -b x^//^ sin^ ( 1 -b x^p^ sin^ ( 

1 2 — r'^) 

~ ^ ^2j,2 (^x _ 7 . 2 ^ ^x -b x^r^) 


9 


+ 


d^^r 


2^2 


+ 


#fr2cos2^ ,>,2 2. 


1 -b x^r"^ sin^ ^ 1 -b x^r^ sin^ ^ 


-b d 4 > 2 r sin ^ , 


^ipiC = 


g p^ sin 2 ( 


Bd,,/: = -->c 


g sin 2^ 


2 1 -b x^p^ sin^ C ’ 2 1 -b x^r^ sin^ ^ 


The effect of the deformation on the shape of AdS 2 and is shown on Figure 1. 
In what follows for convenience we are enumerating the coordinates as 


(2.4) 


(2.5) 


( 2 . 6 ) 


= t, 

X^ = ^, 


= X^ = C, X^ = p, 

X^ = (/.2, = cl)\ X^ = e, = r, 


(2.7) 
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so that the non-vanishing components of the i?-field are B 23 and Bjs while the non¬ 
vanishing components of the field strength Hklm are i ^234 and -ffrsg- 

To find the part of the r/-deformed action quadratic in fermions we use the following 
coset element 


0 = 0b0f, (2.8) 

where the bosonic element gf, = Ag^; is the same as in [4]. The element g^ which comprises 
fermionic degrees of freedom can be defined through the exponential map g^ = expx, or 
as gj = X + -\/l + X^- The two choices produce the same expression if we stop at quadratic 
order. The Lie algebra element x is a linear combination of odd generators of the psu(2, 2|4) 
algebra^ X = Cl^—0j^. 

The current A = —g~^dg can be decomposed in terms of linear combinations of the 
generators of the psu(2,2|4) algebra 

A = L^V,n+\L^"imn + L,^Cl^^. (2.9) 

It is useful to look at the purely bosonic and purely fermionic currents separately, that are 
found by switching off fermions and bosons respectively. The purely bosonic current is a 
combination of even generators Pm and Jmn 

= -grMgt, = e”^Pm + , (2.10) 

where e"* = e^dX^ is the AdSs x vielbein and w™'"' = is the corresponding 

spin connection whose explicit expressions can be found in appendix A.4. 

The purely fermionic current is decomposed in terms of even and odd generators 

Af = -gf-^gf = 0”*Pm + (2A1) 

where we have defined the yet to-be-determined quantities Expanding gj 

in powers of 6 up to quadratic order in fermions we find 

A^ = - gf~Mgf 

i - 1 - 1 - (2A2) 

= - dOi + -S^-^On^dOj Pm - -e^^On^^dOj J^n + -e^^dn^^ddj Jmn , 

where "and" refers to the quantities related to AdSs and S^, respectively, and the matrices 
7 ^ are defined in (A.23). The computation of the full current is similar and one gets 

A = -g-^dg = Af + gf^ A^’g^ = Pm - Q" D^^Oj (2.13) 

where the operator acting on fermions 9 is given by 

= 5^^ (^d - ^u;"^"7mn) + 2 e'^e-7m- (2.14) 

^See appendix A.l for the definition of the psu(2, 2|4) generators we use. 
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Sometimes it is useful to split this operator as 

DU ^ jylJ + -j^IJ ^ ^2.15) 

where P = d — is the covariant derivative acting on fermions. 

The action of the projections d and d on the current A are found from the formulae 

d(Jmn) = d(Jmn) = 0, d(P„) = d{Pm) = ^ d(Q^) = -d(Q^) = ■ (2.16) 

In particular, the J-part of the current is irrelevant for the computation of the Lagrangian, 
since it is projected out when defining the coset. 

The next step consists in constructing the inverse of the operator 

O = 1-r/iigod. (2.17) 

To this end, we find convenient to expand it in powers of fermions 9 as 

^ = C>(o) + 0(1) + 0(2) + • • • , (2.18) 

where 0(/j) is the contribution at order 9^. On generators J of degree 0 the inverse operator 
O acts as the identity, at any order in fermions. To find its action on the other generators, 
we invert it perturbatively in powers of fermions: 

0-1 = + og + ... , (2.19) 

where 0(^| is the contribution at order 9^. The leading contribution O'^ was already 
derived in [4]. Demanding that O • 0~^ = 0~^ • O = 1 we find 

/"oinv /ninv ^ /n ^ /ninv 

^(1) =-O(0)°O(l)°O(0)> 

og) = -og) ° 0(2) o oiS) - o 0(1) o oisj. 

We will not need higher order contributions. To keep the discussion transparent, for an 
explicit construction of 0~^ up to quadratic order in fermions we refer the reader to 
appendix B.l. 

2.2 Quadratic fermionic Lagrangian 

Substituting now all the ingredients, that is the current (2.13) and 0~^ into the Lagrangian 
(2.1), we expand it up to quadratic order in fermions. At leading order we find the already 
known [4] bosonic Lagrangian 

=^(0) = -f (7“^ - (2.21) 

where e™ = e^daX^ is the vielbein of AdSs x S® and the coefficients krY are presented 
in appendix B.l, see eqs.(B.12) and (B.13). We can rewrite this result in the standard 
sigma model form recovering the deformed metric (2.4), (2.5) and the B-field (2.6), which 
happens due to the identities 

(YM^N)^rYVrnp = ^^Vmn , = BmN , ( 2 . 22 ) 
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where is a vielbein for the deformed metric which we present in appendix A.4 and r] is 
the Minkowski metric (A.20). 

In the expansion of the Lagrangian (2.1) in powers of fermions, contributions to a given 
power come from three sources: from the current Aa, from the operator and from the 
current Aj^. Thus, the quadratic fermionic Lagrangian is a sum of six terms 

■^(2) = -^{002} + -^{200} + -^{101} ^2 23) 
+ -^{011} + -^{110} + -^{020} ) 

where three numbers in the brackets indicate powers of fermions coming from Aa, and 
Ap, respectively. For the first two contributions we find 

=^{002} = (7“^ - 

a i 

^{200} = -f (7“^ - e“^) -0i{e^km^^n)Di^ej, 

where k’^m = V^'^kq^r]pm- Note that the sum of .iqroo 2 } + -S^{ 200 } gives a non-trivial con¬ 
tribution also to the Wess-Zumino term, since the matrix kmn has a non-vanishing anti¬ 
symmetric part. 

Concerning the contribution {101}, in appendix B.2 we manipulate the initial re¬ 
sult (B.24) to bring it to the form most close to the canonical one 

^{101} = , (2.25) 


which holds up to a total derivative. 

Now we spell out the contributions stemming from the inverse operator taken at first 
order in the 9 expansion. The two contributions {011}, {110} can be naturally considered 
together^ 


.S^IoiD+diol = -77“’’ - 


- ' - (-1 + VTT7?)S'‘’) (i7p + l7„„A””) 


+ {>‘<’ 3 ' - (-1+!7„Aj 


(kyiD'/ + k,Vf,D'J]ej. (2.26) 


Finally, the last contribution to the Lagrangian is delivered by the term where the inverse 
operator is taken at order 0^. We find 

^{020} = -f(7“^-e“^) jele^k\k^-eK 

- 26 ^^ + ^A™7pg^ - ^7pg7nA^)() - “ 7p7nAn^) 

- (-1 -h (^7n + ^A"7„^ + 7pAn^An'’7r) 

®The result can be put in this form thanks to the properties (B.7). 
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- (-1 + + + (^ 7 « - \lpq>'^S^ >^n 1 ^ 


+ y (^7« - 2 '^pqK‘^j (^7n + ^^nlrsj “ IpK^K^l^ 

- X(^^^(lp^u [in + \K?lr)j + [lu - \lpq>^^S^ 1 ^ 


Oi. 


(2.27) 


The last two expressions involve the coefficients Am", A((f, A^„, A^„ which are collected in 
appendix B.l. 

Summing up all the above contributions, we discover that the result is not the standard 
Green-Schwarz Lagrangian, see the Introduction. Yet, in the undeformed limit it reduces 
to that one. Indeed, when x —)■ 0, the contributions and ^{q 20 } vanish, while 

kmn in eq.(2.24) becomes r/mm so that (2.24) transforms into the standard kinetic term, 
while (2.25) provides its Wess-Zumino completion.® This is of course expected because 
the canonical form of the undeformed Lagrangian is intrinsically built in our construction 
based on global symmetries and the choice (2.8) of the coset representative. On the other 
hand in the deformed model the AdSs x S® coset plays an auxiliary role because only 
six commuting isometries remain unbroken. It is thus clear that the Lagrangian we got 
describes couplings of bosons with fermion bilinears written with a more or less arbitrary 
choice of coordinates and that field redefinitions will in general modify its form. Our next 
task is therefore to find a field redefinition that will cast (2.23) in the desired canonical 
form. 

To search for necessary field redefinitions we need a guidance principle. All terms in 
.if( 2 ) can be split into two parts: the kinetic part which contains all couplings of the 
form 9d9, and the mass part 99, which constitutes the rest of the Lagrangian. The idea 
is to concentrate just on the kinetic part and find field redefinitions which bring it to the 
canonical form. In the process new mass terms will be generated and we look at all of them 
at the very end. Clearly, two types of field redefinitions are possible: rotations of fermions 
9^ —)■ 9^ with coefficients depending on bosons and shifts of bosons by fermion 

bilinears. In the second case, the bosonic Lagrangian will generate contributions to 
.if( 2 ) if we do not want to create higher derivatives of 9, the corresponding shifts should 
be of the form 


^ + 9^ff^j{X)9-^ (2.28) 

with boson-dependent coefficients ffj{X). 

Next, all the terms in are naturally divided according to their symmetry properties 
into two categories and Given an expression of the form 9iM^‘^d9j, we classify 
it according to 

9iM^-^d9j = +d9iM^^9j , 

n n' V (2-29) 

9iM^-^d9j = -d9iM^^9j ^ . 

®In particular, the self-dual five-form of the AdSs x S® background arises from the term with in the 
definition (2.14) of the operator [26]. 
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The symmetry properties are manifested through purely algebraic manipulations, not by 
integrating by parts. They are inherited from symmetries of gamma matrices contained in 
and from the behaviour of under the exchange of I, J. We then show in appendix 
B.3 that there exists a choice of the coefficients in (2.28) such that the corresponding shift 
completely removes leaving behind a bunch of new mass terms. As to it remains 
untouched under this shift because the symmetry properties of the derivative couplings 
generated by (2.28) are opposite to that of The only manipulations we are left with at 
this point are boson-dependent rotations of fermions. Since and the canonical kinetic 
term share the same symmetry (2.29), a rotation which transforms one into the other 
always exists and we find its explicit form in appendix B.3. 

Through the shift of bosons and the rotation of fermions we generated quite a lot of new 
mass terms. It is now time to sum them up and group together according to their tensorial 
structures. Quite remarkably, after this is done, the mass part turns out to automatically 
fit the canonical arrangement. In terms of a 32-dimensional Majorana fermion 0 of positive 
chirality (A.46), our Lagrangian is therefore 


^(2) = -f * 0/ Df&K, 

where the operator enjoys the canonical form^ 


(2.30) 


D 


IJ 

a 




(2.31) 


In the last equation is the same vielbein of the r/-deformed metric, c.f. appendix A.4, 
that features in the bosonic Lagrangian, while is the spin connection that is related 
to by the standard formula (A.54). Finally, for the 3-form Hmnp we find the following 
two non-vanishing components 


H234: = -4xp 


sin C 

1 -|- sin2 ^ ’ 


\/l — r^-v/l -|- sin f 

Hjsd = +4xr- 2 4 • 2f -• (2-32) 

1 -|- x^r^ sm^ 4 


These are precisely the field strength components of the i?-field (2.6) written with the 
flat space indices. Thus, we completely restore the NSNS background of the p-deformed 
theory at the level of the quadratic fermionic action, which is rather non-trivial by itself 
and provides a strong validity check of our computation. 

Postponing the discussion of the RR couplings till the next section, we conclude by 
pointing out that the field redefinitions of (A, 9) we used do not involve world-sheet deriva¬ 
tives and, as such, they can be viewed as a certain x-dependent reparametrisation of the 
original coset representative (2.8) of AdSs x S®. 

^The 10-dimensional F-matrices are given in (A.42). 
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2.3 RR couplings 

Here we present our main result - the RR couplings of the r/-deformed theory, and then 
discuss some of their features. From eq.(2.31) we find the following non-vanishing RR 
forms written with flat indices of the tangent space 


e'^Fi = —Axfl Cp^ sin C, 

e‘^Foi4 = +4x sin C, 

e'^Fseg = +4x r^sin^, 

e‘^Fo46 = +4x^ pr^sin^, 

e‘^^159 = P^r sin (, 

e‘^Fbi234 = +4 Cp^, 
e‘^i^oi459 = + 4 x^ cfl^p'^r sin C, 
e‘^-^04569 = +4x^ CpV^^sin^, 
For simplicity we have defined the o 


= +4:x‘^ Cp^ sin 

e‘^Fi 23 = - 4 x c~p^ p, 

e'^Fejs = -4x r, 

e‘^F 2 SG = — 4x^ Cp^ sin Csin^, 

e‘^Fi 78 = —4x^ Cp^ p^r^ sin Csin^, 

e‘^Fb2346 = sin C sin , 

6*^.^01478 = +4x^ cfl^p^r'^ sin Q sin 
6*^^04678 = -4x^ Cfl^pr. 
n coefficient 


Cp 




X- 


- — x2p2y^l -|- x2p4 gjj^2 _|_ + x^r^ sin^ 


(2.33) 


(2.34) 


(2.35) 


(2.36) 


For the five-form we presented here only half of all its non-vanishing components, namely 
those which involve the index 0. The other half is obtained from the self-duality equation 
for the five-form. The answer appears to be rather simple and in the limit «: —?■ 0 all 
the components vanish except ^01234 which reduces to the constant five-form flux of the 
AdSs X background. 

For the reader’s convenience we present the same results written in curved indices 


<p jf —1 _ i 2 — 1 4 • 2 >- 

e riP 2 = 4>f Cp p sin Q 


tp2P 




tp(p2 


■ fl>24>f' 


_1 sin^ C 

1 — >i‘^p‘^ ’ 

_i r^sin^f 
1 + ^ 2^2 ’ 


6 ^ttp24’iCp 
6 Ftfl}2p4>r — 
^ Ftpcj)(p2r — 


e^F ^2 — —4>f^ Cp^ r^sin 


e^7^^2'j/’iC “ +4>ir Cp 


i p'^sinCcosC 


1 + x’^p^ sin^ C’ 


6 F(f)2<pi^ — H-4>r Cp 


_i r^sin^cos^ 


1 + x'^r^ sin^ ^ ’ 


3 -1 pr sin ^ 

1 9 2 ’ 

1 — 

3 _i sin^ C 

1 I 9 9’ 

1 + x^r^ 

4 cfl sinC cosC 
(1 — (1 -I- X:2p4 gjjj2 

4:>F c~fl p^r sir? 

(1 — >?p‘^) (1 -I- >Pr^) ’ 

Cp^pr^ sin^ ^ 

(1 — F^p"^) (1 -I- ’ 


6 — +4>jr Cjr 


3 _i p'^r^sin^cosCsin^^ 


1 + jFp'^ sin^ C 


— +4>f Cp 


4 4 • 2 ^ • A A 
3 _i p r sin ^sin^cos^ 


0 ’ 


1 -I- sin^ ^ ’ 

p cp p^r* sin Q cos ^ sin^ ^ 

Ti ■ ■ - 

Ftp2p4'-i_^ ~ “t 
e^Ft 


tPlCpP, (I_>,2p2)(l+^2p4sin2^) ’ 

c^^p^r^ sin^ sin ^ cos ^ 
(1 — yFfp-') (1 -I- sin^ ’ 
c^'^pr'^sin^cos^ 


- ip</>2ii>iS 


(1 — K-^p^) (1 -I- sin^ F) 


(2.37) 


(2.38) 


(2.39) 


Inspection of the found RR couplings reveals that contrary to the natural expectations 
they do not obey equations of motion of type IIB supergravity. 
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First of all for the Blanch! identities this is already obvious from the expression (2.37) 
for the 1-form. To fit the supergravity content this form must be exact = dx, where x 
is axion. One can verify that there is no way to split off an integrating factor in (2.37), 
such that the corresponding becomes exact. 

Concerning other equations of motion, consider, for instance, the Einstein equations 
(D.12) which involve an unknown dilaton. One can show that to achieve vanishing of the 
off-diagonal components of the Einstein equations the dilaton cp must be of the form 

T’ = ^a(p, C) + 0 , (2.40) 

where and <^5 are some functions. However, analysis of the diagonal components of the 
Einstein equations shows that a solution for and does not exist. 

Now we will attempt to make contact of our findings with known supergravity solutions 
by considering special limits. 

Mirror background We first analyse a special limit x —)■ 00 . Rescaling the bosonic coor¬ 
dinates of the r/-deformed metric as 

t->-, p^-, 0-^-, r->-, (2.41) 

K H K K 

and then sending x —)• 00 , yields upon an overall rescaling the metric for the AdSs x 
35 jjiij-j-or model [28]. The R-field vanishes in this limit. The resulting metric can be then 
embedded into a full solution of type IIB supergravity by supplementing it with a dilaton 
and a five-form flux [28]. 

Now we look at how the actual RR couplings behave in this limit. Upon rescaling 
(2.41) it is enough to keep only those components with tangent indices that are of order 
0 (x) at large x to compensate the power 1 /x coming from the vielbein that multiplies 
the RR couplings in eq.(2.31). The surviving components are thus 

e*” ^123 = - . 

This result does not match the proposed mirror background [28], and the limiting couplings 
continue to displease the supergravity equations. 

Maldacena-Russo background Here we look at a special x —>■ 0 limit and show that the 
solution we found reproduces in this limit the Maldacena-Russo (MR) background [30] 
which is a genuine solution of supergravity equations. 

To achieve this limit, we first rescale the coordinates parameterising the deformed AdS 
space as 

C-^Co + V^C, (2.43) 

sm Co cos Co V ^ 

where Co is a parameter, and then send x —?■ 0 . Because the coordinates of the deformed 
do not undergo any rescaling, the corresponding part of the metric just reduces in this limit 


= — 


^04678 = — 


4r 


a/1 — p^Vl + ’ 

Apr 

a/I — p^Vl + 


(2.42) 
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to the underformed metric on S^, and the components of the 5-field in those directions 
vanish. The AdS part of the metric and the 5-field remain non-trivial and we find 


ds(MR) = (-dt^ + dV-i) + 


P 


1 + sin"' Co 


(dV'^ + dC 


2V^ + d4 

pi b 


P^ sin Co 


(2.44) 


B{mr) — Aw-; — A ■ 2 /- dV^i dC, 
^ ' 1 -I- sm^ Co 


which is precisely the NSNS content of the MR background. 

Now we apply the same limiting procedure to the components of the RR couplings 
(2.33), (2.34) and (2.35) and find that the axion vanishes, and only one component of 5^^^ 
and one of (plus its dual) survive 




4p^ sin Co 
v^l + sin^Co ’ 


If we identify the dilaton as 


e‘^5oi234 


4 

y/l -hp^sin^Co 


= ¥^0 - 2 log(l + P^ sin^ Co), 


(2.45) 


(2.46) 


where <po is a constant, we then find that the non-vanishing components for the RR fields, 
written both with tangent and curved indices, are 


5oi4 = e 4p^ sin Co , -foi 234 = e 4, 

_ 4 p 3 ( 2 . 47 ) 

Ftp2P — ^ 4 p sin Co , Ftp^piCp — e 1 + p'^ sin^ Co ' 

These are precisely the dilaton and the RR fields of the MR background [30]. It is very 
interesting that despite incompatibility with supergravity equations for generic values of 
the deformation parameter, there exists a certain limit, different from AdSs x S^, where 
this compatibility is retrieved. 


3 RR couplings from K-symmetry 

As was shown in [1, 7] , the Lagrangian of the deformed model is invariant under K-symmetry 
transformations. Recall that in the undeformed case /t-transformations are implemented 
by multiplying a group representative of a coset element from the right: 

0 • exp(e) = g' • fi, (3.1) 

where e is a local fermionic parameter which takes values in psu(2, 2|4). Here on the right 
hand side g^ is a new coset representative and 1 ) is a compensating transformation from 
SO(4,1) X SO(5). For generic e this transformation is not a symmetry of the action, but 
for a special choice 

e = (Q,^njo^Af + A^Q^kjo) , (3.2) 
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one can show that this is indeed the case [33]. The spinors Kia and K 2 a are local transfor¬ 
mation parameters which under Z 4 -decomposition have degree 1 and 3, respectively. 

In the deformed case one can still prove the existence of a local fermionic symmetry of 
the form (3.1). However, to achieve the invariance of the action the definition (3.2) has to 
be modified, in particular e will no longer lie just in the odd part of the algebra, but will 
have a non-trivial overlap with the even part. Precisely, e is written in terms of an odd 
element g as [ 1 ] 

e = Oq, q = 

where O is the operator defined in (2.17) and the two projections g^^'^ are® 

= ^( 7 “^ - e“^) (^Q^Kia ^ ^ + (O~^A0^ ^ ^ Q , 

^(3) = , 

where we defined 

0 = 1 + rjRg o d. 


(3.3) 

(3.4) 

(3.5) 


In appendix B.4 we explicitly derive the variations of bosonic and fermionic fields implied 
by the above definitions, and observe that they do not have the usual form of the n- 
variations of type IIB superstring. However, after implementing the field redefinitions of 
appendix B.3, which were needed to put the Lagrangian in the canonical Green-Schwarz 
form, we find that also the kappa-variations become indeed standard 


= -^ Qi5 
1 


IJ ~M m 




S.Qi = - 7 (<^"-^ 7 “^ - + 0 ( 02 ), 


where 


K = 



(3.6) 


(3.7) 


and k is related to k as in (B.81). It is now instructive to also look at the kappa-variation 
for the world-sheet metric, as this provides an independent way to derive the couplings of 
the fermions to the background fields. The variation is given by [1] 


a/3 _ 1-7 




str(T[Q^K“+,pWoO-i(H^)]+T[Q2Kf_,p(3)oO-i(H^)]) , (3.8) 


where T = diag(l 4 , — 14 ) and the projections of a vector Va are defined as 


HP = 


gO/3 


1^/3 


(3.9) 


As we show in appendix B.4, after taking into account the field redefinitions performed to 
get the canonical action, we find a standard kappa-variation also for the world-sheet metric 


< 5 . 7 “^ = 2i 




+ o(e^ 


(3.10) 


= 2i Ki^,Df,^eL + 0 ( 0 ^), 


^Comparing to [1] we have dropped the factor of i because we use “anti-hermitian” generators. 
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where we have defined 


n/j OLO.' 


_j_ ^aa 

2 


(3.11) 


The operator DI^ turns out to be the same as obtained earlier in the Lagrangian approach. 
It is given by eq.(2.31), and, in particular, it contains the same RR couplings as found in 
section 2.3. 

We point out that at the level of the quadratic fermionic action, the requirement of 
K-symmetry is unable to produce differential constraints on the RR fields, in particular, 
the Bianchi identities. Constraints will start to emerge from the quartic action, because 
to check its invariance, one has to vary the RR couplings entering the quadratic part of 
the fermionic action, which will lead to the appearance of their derivatives. Thus, if our 
result for the RR couplings is an ultimate one, i.e. if there are no further field redefinitions 
changing the RR couplings only, one could expect that at higher orders in fermions both 
Ac-symmetry transformations and the corresponding Lagrangian start to deviate from the 
standard form in the theory of IIB Green-Schwarz superstring, and this could explain 
why our results are compatible with the work [31, 32]. It is also worth stressing that in 
[31, 32] it was shown that the supergravity constrains are sufficient for K-symmetry of the 
Green-Schwarz action, whether they are also necessary is unknown to us. 


4 On field redefinitions 


In the previous section we were able to transform the original Lagrangian into the canonical 
form and further observed that the RR couplings derived from the latter do not satisfy the 
supergravity equations. On the other hand, the NSNS couplings in the quadratic fermionic 
action are properly reproduced and they are the same as found earlier from the bosonic 
Lagrangian. Therefore we are motivated to ask whether further field redefinitions could 
be performed which exclusively change the RR content of the theory. It appears to be 
rather difficult to answer this question in full generality. We will argue however that no 
field redefinition of this type, continuous in the deformation parameter exists. 

We will work in the formulation with 32-dimensional fermions 0/ obeying the Majorana 
and Weyl conditions, see appendix A.3. We start with considering a generic rotation of 
fermions® 

ei^FuQj, Qj^QjFu, F/J =-ToF/^To , (4.1) 

where Fjj are rotation matrices which depend on bosonic fields. We write F/j as an 
expansion over a complete basis in the space of 2 x 2-matrices 


3 

Fjj = S^-’Fs + ai^F,, + e^^F, + F,, = ^ , 

a=0 

_ _ 3 _ 

Fjj = 6^^Fs + F^, = si^Fa , 

a=0 


(4.2) 


®One could imagine more complicated redefinitions like 0/ —>■ Fjj&j + G'^jdaOj, etc. They were not 
needed to bring the original Lagrangian to the canonical form and we do not consider them here. These 
redefinitions will generate higher derivative terms in the action, whose cancellation would imply further 
stringent constraints on their possible form. 
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where we have introduced 


So 


= 6 


IJ 


JJ _ ^IJ 

Si -CTi 


JJ _ JJ 
S 2 — e ; 


JJ - JJ 
S 3 — ^3 ' 


Next, the coefficients Fa and Fa are 32 x 32-matrices and they can be expanded over the 
complete basis generated by and identity, see appendix A.3 for the definition and 
properties of Further, we require that the transformation Fjj preserves chirality and 
the Majorana condition. Conservation of chirality implies that the F-matrices appearing 
in the expansion of Fjj must commute with Fn, i.e. the expansion involves F^^^ of even 
rank only 


p f -n ^ fmn-p 1 fklmn-p 

^ a — Ja .1*^32 “r ^ /a -*■ rnn “r 2 ^ ^ klmn ; 

P r ][ _L — Jmnj^ _i_ ^ fklmnj^ 

-C a — Ja .**^32 a -*■ ran ~r J a ^ klmn ■ 


(4.3) 


In this expansion there are no matrices of higher rank, because those by virtue of duality 
relations are re-expressed via matrices of lower rank. The Majorana condition imposes the 
requirement 


FoF;^Fo = CF*^C 


(4.4) 


which implies that the coefficients / are real. Coefficients of Fa are then given by 


r £ Finn £ 

J CL Ja 5 Ja Jc 


cmn 

fa ■ 


£klmn £ 

Ja Jc 


klmn 

a 


(4.5) 


Thus, the total number of degrees of freedom in the rotation matrix is 



10 • 9 
2 


+ 


10-9-8-7 

4! 


= 2^0 


(16 + 16)2, 


which is precisely the dimension of GL(32, M). This correctly reflects the freedom to perform 
general linear transformations on 32 real fermions of type IIB. 

Under these rotations the kinetic part of the fermionic Lagrangian transforms into 


+ e^f^ai-^)eie^Tmdpei J (4.6) 

^ (Qk Fjk ^TmFjL dfi^L + Fik ^Tm{dpFjL)QL) • 

The requirement that under rotations the kinetic part remains unchanged can be formulated 
as the following conditions on T/j: 


5^^Fik CmFjL = ^KhCm + removable terms , 
Fik CmFjL = + removable terms , 


where “removable terms” means terms which can be removed by shifting bosons in the 
bosonic action by fermion bilinears. The equations (4.7) should hold on chiral fermions, 
that is as sandwiched between two chirality projectors. To make the discussion simple, we 
will not indicate these projectors explicitly till the very end. In the following it is enough 
to analyse the first equation in (4.7) and, thus, we are led to understand the structure of 
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Fik ^mFiL, which in general has an expansion over a basis of odd rank The strategy 
is to determine first the structure of removable terms. To this end we need to study the 
properties of fermion bilinears. 

Suppose that = s with s = ±1. Now we take two sets of Majorana-Weyl 
fermions, that we call 0^ and 0^ in order to distinguish them. We consider odd rank 
T-matrices (not to get vanishing expressions) 

0A,/rW0B,j = 

= - Qb,j c(crM)'0A,j = s-tl s" 0B,/rM0A,j, 

see appendix A.3 for the definition of the numbers The kinetic term for bosons under 
the shift, which can be schematically represented as 

XM + u;Jf)’“4-^0/rW0j , (4.9) 

will generate the fermionic terms containing the terms 

4 -^ 5 „( 07 r(^) 0 j) = 4^a„0/r(’')0j + 4^0,r(^)5„0j (4.io) 

Clearly, for this expression to fit the structure of the fermionic kinetic term, the two terms 
in the right hand side of (4.10) must be equal. Identifying (9 q. 0 with 0^ and 0 with Qb 
in eq.(4.8) shows that removable structures in the fermionic action are those for which 
s-t^ = +1. Indeed, the structures with = —1 entering in the shift (4.9) simply vanish 
because of the same equation (4.8) considered for A = B. Using the results of appendix 
A.3 one can determine s • for various r and s and the corresponding values are collected 
in Table 1. 



r = 1 

r = 3 r = 5 

s = -hi 

-1 

+1 -1 

s = —1 

+1 

-1 +1 


Table 1: Values of s • for different r and s. 


According to this table, the condition that the kinetic term is invariant up to the terms 
removable by a shift of bosons can be now written as 

FlKTmFiL =5KLTra + eKL [{he)^rn + ^ 

+ [^KLihs)^'^ + <JlKL{hai)m‘^ + <^ 3 /fL (^<73 ) m'^] T npq ■ 

Here /i-tensors are arbitrary coefficients which parametrise the structures which can be 
removed from the action by shifting bosons. 0bviously, putting a generic F satisfying the 
Majorana-Weyl conditions in the left hand side of (4.11), one would expect an appearance 
on the right hand side of all these /i-tensors. But do they actually appear? As we show in 
a moment the answer is negative. 
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Combining equations (4.1) and (4.4), we get 


CF\jC = -Fij, and CFjjC =-Fjj ■ (4.12) 

Now collect all terms on the right hand side of (4.11) that are removable by shifting bosons 
into a tensor MxL,m- This tensor has the following symmetry property^*^ 

C {MKL,mt C = -MLK,m ■ (4-13) 

Note that the tensor in the canonical kinetic term has exactly the opposite symmetry 
property 

C{5KLTi,)C = 5LKTm . (4.14) 

Putting this information together, let us consider (4.11) written as 

FlK^mFlL = SKL^m + MKL,m ■ (4-15) 

We take transposition and we multiply by C from the left and from the right 

C [FiKTraFlL^C = 5 klC {TmY C + C {MKL,mf C (4.16) 

and further manipulate as 

C {FilY C • C (P^)* C • C ' C = 6klC (P^)* C + C {MKL,mY C . (4.17) 

With the help of eqs.(4.12) , (4.13) and (4.14) and relabelling the indices K and L, we get 

FlK^mFlL = SkiFtti - MKL,m , (4-18) 

which shows that MKL,m = 0, that is this structure cannot appear because it is incompat¬ 
ible with the symmetry properties of the rotated kinetic term. It is clear that the same 
considerations are also applied to the second equation in (4.7), where replaces 6^"^. 
Thus, to keep the kinetic term invariant, the rotation matrix F must satisfy the following 
system of equations^^ 

S^'^Fjk T mFjL = SklF m, /. . 

TJ- KT 4.19 

4 FlKFmFjL = <y^^Tm, 

We have also learned that we cannot shift bosons anymore, any shift would spoil the kinetic 
term in a way that cannot be fixed by rotations. In order not to deal with indices of the 
2x2 space, we can introduce 64 x 64-matrices 

3 _ 3 3 

U = Y,Sa®Fa, U = Y,s\®Fa = -Y.si®CFiC, (4.20) 

a=0 a=0 a=0 

^°Notice that to exhibit this symmetry property, one has to transpose also the indices K, L, on top of 
transposition in the 32 x 32 space. 

^^Would not be there indices I, J, we would immediately conclude that the first equation in (4.19) has 
only a trivial solution F = 1, because Fm form an irreducible representation of the Clifford algebra. 
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which allow us to rewrite the equations above in the form 


n_ {u (I2 ® Tm)u -12 ® r^)n+ = 0, 
n_ [u (0-3 (g) Tm)u - (73 (g) rm)n+ = 0. 

Here we reinstated the two chirality projectors = I 2 ® 5(132 ± Til). 
Finally, we assume that 17 is a smooth function of rj: 

U = l64 + + Oirf ) . 


(4.21) 


(4.22) 


At first order in r] we get a system of linear equations for w. 

n_ {u (I2 <g) Fm) + (I2 <g Fm)'a)n+ = 0 , 
n_ (uias^Tm) + (0-3 (g)Fm)'ii)n+ = 0 . 


(4.23) 


This system appears to have no solution which acts non-trivially on chiral fermions. Thus, 
non-trivial field redefinitions of the type we considered here do not exists. Whether equation 
(4.21) has solutions which do not depend on r] is unclear to us. Finally, let us mention that 
similar considerations of field redefinitions can be done for K-symmetry transformations 
with the same conclusion. 


5 T-matrix and factorisation 

To find the Lagrangian quadratic in fermions we used a coset element of the form 


0 = A(t, (/>) • Ox • 0f, (5.1) 

where Qx depends on the transverse bosons and 0 ^ on the fermions. With this particular 
choice fermions are uncharged under bosonic isometries. On the other hand to impose 
a uniform l.c. gauge, one uses a coset element of the form g = ■ gj' • g^. In the 

undeformed case this guarantees that the K-gauge-fixed bosons and fermions transform in 
a bi-fundamental irreducible representation of the centrally-extended psu( 2 | 2 ) © psu( 2 | 2 ) 
which is the symmetry algebra of the l.c. AdSs x Lagrangian, and this also allows one to 
develop a perturbative expansion of the l.c. Lagrangian in inverse powers of string tension. 
It is clear that the two fermionic group elements are related as follows 

0f ~ 0X 0f 0a: • (5-2) 

This redefinition of the fermionic group element is obviously equivalent to the corresponding 
redefinition of the fermionic coordinates 


X = Qx^XQx (5.3) 

The new version for the coset representative g has the same form as the one used in the 
review [33] to construct the l.c. Lagrangian and develop the perturbative expansion, but it 
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is not exactly the same choice. The reason is that the bosonic coset element gt, used here 
and the one of the review differ by the action of a local Lorentz transformation h 


Qb=Qb^-h. (5.4) 

In the limit x ^ 0 one does not get the same Lagrangian as in [33]. The Lagrangians are 
related by a nontrivial redefinition of bosons. This however does not change the physical 
quantities, and in particular both Lagrangians would give the same T-matrix. 

5.1 T-matrix 

Here we list the action of the T-matrix on two-particle states in the uniform a = 1/2 light- 
cone gauge. Since we do not know the quartic fermionic Lagrangian the terms quadratic 
in fermions are missed in the scattering processes Fermion-Fermion —Boson-Boson + 
Fermion-Fermion. However if the T-matrix factorises then the missing matrix elements 
are fixed unambiguously. The derivation of the l.c. Hamiltonian and its quantisation is 
sketched in Appendix C. We follow the same notations and conventions as in [33] 

'^haiP) ) ^adiP ) ^ ^ad ? aL(p) ^ > 4a (p) ^ 

4d(P) ^ Paa , al^(p') P'ad > 4a (p) ^ ^aa , oL(p') ^ ^aa > 

SO that we have, in particular 

|Tadr?Jjj,) = \al^(p)aj^^(p)} , \0adZ'^^} = \al^(p)aj^^(p)} . 

Then we introduce the rapidity 0 related to the momentum p and energy uj as follows 

p = sinh 6 , oj = \/l + cosh 6 . 

Boson-Boson - y Boson-Boson -|- Fermion-Fermion 

T • \YadYl^) = 2A \YadYl^) + {B + We.^)\Y^iXld) + (^ + We^b)\YbaY'^} 

+ \ + Ceabe°‘^ \ VadVgjj) 

T • \ZaaZY) = -2A\ZaaZY) + {-B + VFe^_g) \Z^i^Z'f^^) + {-B + Wea/3) \Zj3aZY) 

T • \YaaZY) = 2G\YadZY) + H - H ) 

T • \Z^^YU) = - 2G ) + H - H ) 

Fermion-Fermion - > Boson-Boson 

T • \eadeY) = \YadY;^d " j^aa^^) 

T • \Vc.dp'pi) = - \Zo^dZY) + 

T • \0adv'^i,) = - H\Y^i,Z'p^) - H\Zp^Y'J 
T • Jr/ad^;^) = H\Z^^YQ + H\YbdZY) 
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Boson-Fermion 


- >■ Boson-Fermion 

T • \YaaO'^^) = {A + G) \Yaae'^^) + {B - WCab) 

+ ^ \ ^ap^ba) + Ceab(°‘^ \ r]aaZ0) 

T • lYaaV^i,) = {A + G) lYaav'p^) + {B - PFe,^) lY^i^TJ^p,) 
T • lOaaY'f^) = {A-G) KaY^^ + {B - Weab) lebaY'j^) 

T • Irjo^aY'^ = {A-G) iT^^aY'f^) + (B - We,i,) |r?„^y4) 
+ H\YbbvU) + C<^,b^'^^\Zaa0',^) 


T • \Z^^eY) = - {A+ G)\Z^^eY) - (B + We^p) 
-B|0b^Zy) + Ce.^e“^|ry„,y^^) 

TT • IZaafl'pi) = - i^ + G) IZaaVpi) - {B + WCajs) IZ/Sarj^j) 
-H\rj^i^Z'^^)-Geape^’^\eaaYl^) 


T • \eaaZY) = - {A-G) \eaaZY) - (B + We^^) \e^^Z'p^) 
-H\Z0^9'J-Ce^^e^^\Yabv'^f) 

T • \VaaZY) = -(^A-G) \VaaZY) - (B + We^^p) \r]paZY) 
-H\Z^^r^’p,) + Ge^pe<^'^\YaaeY) 


Here the coefficients are defined as follows^^ 




4 puj' — p'oj 


B{p,p) = 


pp' + ly'^iOio' 


puj 


■ p'u 




4 puj' — p'oj 

n 


G{p.^) = - Y , , 

4 poj — poo 
W{p,p) = iu , 


C{p,p') = -(1 + x:‘^)pp'\ 1 + 


p^ 


H{p,p) = (1 + >Y)pp\l + ^ 1/1 + 


/^^sinh^ 

p'2 pi^i _ p/^ 

1/2 cosh 


p^ 


p'"^ poj' 


p'oo 


( 5 . 5 ) 


^^Note that the coefficients C{p,p') and H{p,p') differ by sign from the ones in [9] if the signs of p and 
p' are opposite. 
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5.2 Factorisation 


Let us recall that in the undeformed case, as a consequence of invariance of § with respect 
to two copies of the centrally extended superalgebra psu(2|2), there is a basis of two-particle 
states such that the T-matrix elements with respect to this basis admit a factorisation 

rjpPP.QQ _ ,_.YMi^N+'^Q)'-rPQxP xQ I / -I (r. 

Here M = (a, a) and M = (a, d), and dotted and undotted indices are referred to two 
copies of psu(2|2), respectively, while cm and €jy describe statistics of the corresponding 
indices, i.e. they are zero for bosonic (Latin) indices and equal to one for fermionic (Greek) 
ones. The factor T can be regarded as 16 x 16 matrix. 

As was shown in [4], in the deformed model the bosonic T-matrix elements Boson- 
Boson —7- Boson-Boson enjoy the same type of factorisation. It is not difficult to see that 
the T-matrix elements Boson-Boson —>■ Boson-Boson -|- Fermion-Fermion, and Fermion- 
Fermion —)• Boson-Boson also admit the same factorisation. In fact these T-matrix elements 
determine all the coefficients (5.5), and the elements of the T-matrix 

T^^ = A5^X + {B + Weab)diSt, 

T2l = -A 5l5l + {-B + W e^0)6i6} , 

Tfp= 05151, T2^ = -G5l5i, (5.7) 

X!^ = H5i5l, Tg = H5i5l. 

It is straightforward to check that this T-matrix coincides with the first nontrivial term in 
the large g expansion of the properly normalised q-deformed psUq(2|2) invariant S-matrix, 
i.e. with the corresponding classical r-matrix. 

Despite this promising agreement, the full T-matrix does not factorise. Indeed, by 
using (5.7), it is not difficult to see that the scattering elements Boson-Fermion —?■ Boson- 
Fermion listed in the previous subsection cannot be written in the same factorised form 
because they have wrong signs in front of W . One can also check that there is no unitary 
transformation of the basis of one-particle states which would restore the factorisability. 
Nevertheless, there exists a change of the basis of 2-particle states which brings these T- 
matrix elements to the factorised form.^^ Let us consider a 2-particle state made of one 
boson and one fermion. In any such a state there is exactly one pair of indices of the same 
type, e.g. (a, 6) or (d,/3), for example 


(5.8) 

has the pair (a, h). For any such a state we perform the transformation which exchanges the 
indices 1 -H- 2 or 3 -H- 4, or the corresponding dotted indices, and in addition multiplies each 

^^Obviously, the resulting factorised T satisfies the cYBE, while the original T-matrix does not for some 
scattering processes. To be precise, those are the processes which involve Boson-Fermion to Boson-Fermion 
transmission amplitudes. 
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of these states by i. This changes the sign in front of W, and restores the factorisability. 
The existence of this transformation means that the T-matrix can be written in the form 


T = U • Tq • U^ • U = I, 


(5.9) 


where U is a unitary operator which realises the transformation just described, and Tq is 
the T-matrix which factorises in the standard way with the g'-deformed T-matrix as its 
building block. It is clear that the restriction of the operator onto the space of one- and 
two-particle states satisfies the condition = —1. The Hamiltonian Hq which leads in a 
natural way to the g-deformed scattering T-matrix is obviously given by 

Hq = U^' • H • U. (5.10) 


It is easy to construct an operator U which satisfies the necessary properties. For example 
the operator U 12 which exchanges the indices 1 and 2 of two-particle states (5.8) while 
acting trivially on all the other two-particle states is given by 

U 12 = , (5.11) 

where the operators and are bosonic and fermionic parts of the su( 2 ) generators 






J „bM 


be i dM 


-[a .vO — Cad^ CL -a 

r. \ aa 


cM 


M 


lS" = / dp E 


tI „bc 


L“= /dpE 




(5.12) 


a ^ b. 


The full operator U is obviously given by the product 


U = U 12 • U 34 • Ui ^2 ■ U 34 . (5.13) 

Since the exponential of U is a linear combination of products of integrals, the Hamiltonian 
Hq is seemingly highly nonlocal. 

We conclude this section by pointing out that while we have found 16 non-vanishing 
RR couplings, the quartic Lagrangian we used to compute the T-matrix depends only on 
six of them 

Fbl4, Ti23, ^569, Fqjs, Fbl234, ^04678 • 

Other couplings will apparently contribute beyond the quartic order. 


6 Conclusions 

The main result of this paper is the calculation of the part of the Lagrangian of the 77 - 
deformed model which is quadratic in fermions and has the full dependence on the bosonic 
fields. 

We have shown that a field redefinition is necessary to cast the original Lagrangian in 
the standard form and that the simplest and natural redefinition leads to RR couplings 
which do not satisfy the equations of motion of type HB supergravity. Moreover, the 
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wide class of transformations considered in section 4 does not allow one to change the RR 
couplings while keeping the NSNS couplings untouched. We have not however analysed 
more involved changes of fields which depend for example on fermions and their derivatives, 
or even are nonlocal. One cannot also exclude the existence of a discrete transformation 
(maybe of the type considered in section 5?). 

Assuming however that this is the final answer for the RR couplings the question is 
whether the ry-deformed sigma model can be considered as a string theory sigma model. The 
usual ways to address this question (the vanishing of conformal anomaly or the modular 
invariance of the partition function) are difficult to implement for a K-symmetric Green- 
Schwarz sigma model. A related and more general question is - given a sigma model with 
8 bosonic and 8 fermionic physical degrees of freedom how to determine whether it is a 
string theory. 

The Lagrangian we found can be used to address many interesting questions. Let us 
list some of them. 

There are many different choices of a light-cone gauge because there are three isometry 
directions on the r/-deformed sphere. We have shown that the standard choice leads to a 
vacuum which does not receive quantum corrections at least at one-loop level. It would be 
interesting to see what happens with other simple choices where one chooses the angle 4>i 
or (p 2 as the light-cone gauge space isometry direction. 

There are many explicit classical solutions for the r/-deformed model, see e.g. [35]-[42], 
which reduce to known AdSs x string solutions. It would be interesting to compute one- 
loop corrections to the deformed solutions and compare them with the undeformed results. 
This may shed some light on the structure of the mysterious dual “field” theory. Since in the 
scaling limit discussed in section 3 the r/-deformed background reduces to the Maldacena- 
Russo background, the dual model should be a deformation of the non-commutative AA = 4 
SYM. 

We have mentioned that in the limit x —)■ oo the RR couplings we found do not reduce 
to those of the AdSs x mirror background. It would be interesting to compute and 
compare T-matrices for the x = oo background obtained from our Lagrangian, and from 
the mirror Lagrangian. 

We found that to get a factorisable two-body S-matrix we have to perform the trans¬ 
formation (5.13). R would be interesting to investigate the scattering of 3 particles into 3 
particles and find out if the same transformation would bring the three-body S-matrix to 
a factorisable form. 

In this paper we considered the R-operator corresponding to the standard Dynkin 
diagram of psu(2,2|4). It is believed however that in the undeformed case the so-called 
“all-loop” Dynkin diagrams [43] give the only consistent choice for finite A. It would be 
very interesting to investigate the R-operator corresponding to these Dynkin diagrams, and 
determine how it influences the Lagrangian and T-matrix. 

Let us finally mention that recently the r]- and A-deformations were related by the 
Poisson-Lie duality [44-46]. It would be interesting to understand how the Poisson-Lie 
duality acts on the background fields, and hopefully use it to rederive from it the RR 
couplings we found. 
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A Conventions 


A.l Basis of j3su(2, 2|4) 

Here we introduce a basis of the superalgebra psu(2,2|4) which we use throughout the 
paper, present the commutation relations between the corresponding generators and recall 
the Z 4 -graded decomposition of psu(2, 2|4). 

Recall that the superalgebra s[(4|4) is generated by 8 x 8 matrices 


M = 


mil 

mi2 

m2i 

17122 


(A.l) 


where each rriij above is a 4 x 4 block. The matrix M is required to have vanishing 
supertrace, defined as strM = trmn — trm 22 - The diagonal blocks mii,m 22 are even, 
while the off-diagonal blocks mi 2 ,m 2 i are odd. The algebra su(2,2|4) is a real form of 
s[(4|4) which is obtained by demanding the following reality condition 


M^H + HM = 0, 


(A.2) 


where the matrix H is 



(A.3) 


and the diagonal matrix S is defined in (A.6). The algebra psu(2,2|4) is obtained from 
5u(2,2|4) by projecting out a one-dimensional centre generated by Hg. 
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Gamma matrices The bosonic generators of psu(2,2|4) are constructed with the help 
of S0(l,4) and S0(5) gamma matrices. We introduce the following matrices^^ 



(1 

0 

0 

0 

\ 


f 0 

0 

—1 

0 ^ 


( 

0 

0 

0 

i ^ 


0 

1 

0 

0 



0 

0 

0 

i 



0 

0 

i 

0 

70 = 

0 

0 

-1 

0 


, 71 = 

i 

0 

0 

0 

, 72 = 


0 

—i 

0 

0 


lo 

0 

0 

-1 



VO 

—i 

0 

0 ; 


\ 

—i 

0 

0 

0 / 


^ 0 

0 

1 

0 ^ 



^ 0 

0 

0 

- 1 ^ 







0 

0 

0 

1 



0 

0 

1 

0 






73 = 

1 

0 

0 

0 


74 = 

0 

1 

0 

0 








1 

0 




V -10 

0 

0 y 







(A.4) 


These matrices are hermitian and satisfy the SO(5) Clifford algebra { 7 m, 7n} = 

To describe embeddings of the anti-de Sitter space and the five-sphere into the group 
PSU(2, 214), we introduce the matrices 7 ^ and 7 ^ 

AdSs : % = i7o, 7m = 7m, m = 1, • • • , 4, 

= (A-5) 

S'’ : 7m+5 = -7m, m = 0, • • • ,4. 

We have chosen to enumerate the gamma matrices for AdSs from 0 to 4 and the ones for 
S® from 5 to 9 to adopt a smooth transition to the 10-dimensional notation. The matrices 
7 m and 7m realise representations of the Clifford algebras SO(4,1) and SO(5), respectively. 
We denote their matrix elements as ( 7 m) a- and (7m)a“, where Greek and Latin indices are 
associated with AdSs and S^, respectively. 

Further, we introduce the matrices S, A, C 


/l 0 0 0 \ 

0 10 0 
0 0-10 
y^O 0 0 -ly 


K = 


/O -1 0 0 \ 
10 0 0 
0 0 0 -1 


\o 0 1 0 y 


/o -1 0 o\ 
10 0 0 
0 0 0 1 
yO 0 -1 Oy 


(A.6) 


The matrix elements of these matrices are assumed to carry upper indices S—, K—, C—, 
while the matrix elements of their inverses are defined with lower indices. The matrices 
Tj,K,C generate the following automorphisms of the Clifford algebra 

ji, = (A.7) 

7m =-C' 7 mC“\ m = l,...,4, 7 $ =C' 7 oC'“\ 

7m =-S7mS“\ m = l,...,4, 7(5 = S7oS“^ 

It follows from the last line that = —S 7 mS“^, m = 0, ...,4. Note that if we keep the 
same notations as in [33], it is the matrix K, not C, which plays the role of the charge 
conjugation matrix. 

We find it useful to exchange the definition of 71,74 in comparison to the one of [33] . 
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Even generators The bosonic subalgebra of psu(2,2|4) is su(2,2) ©su(4). We spilt the 
generators of su(2, 2) as (Pm, Jmn) with m, n = 0,..., 4. Here Jmn generate the subalgebra 
5o(l, 4) C su(2, 2). Analogously, the generators of su(4) are (Pm, Jmn) with m, n = 5,..., 9, 
and Jmn generate so(5) C su(4). Explicitly we choose 


P 


m 


f 2 ^ 

V 04 04 ; ’ 


/ 2 Tmn O 4 ^ 
V O 4 oj 


/ O4 O4 \ - _ / O4 O4 \ 

”'”“V04|7mn; 


Here we defined 7mn = and 7mn = 5 [ 7 m, 7 n]- 


m, n = 0,... 4 , (A.9) 

m, n = 5,..., 9 . (A.10) 


Odd generators The 32 odd generators of psu(2,2|4) will be represented by Q’^a^ where 
/ = 1,2 and two spinor indices run a,a = 1,2,3,4 correspond to fundamental representa¬ 
tions of su(2,2) and su(4), respectively. Explicitly we choose 




O 4 



m 


I a 


04 


where 4x4 matrices rrij^ are 



+i7r/4-|-i0q 



_g-i7r/4-|-i0q ^ 


(A.ll) 


(A.12) 


and K is defined in (A.6). The phase (/)q reflects the U(l) external automorphism of 
5u(2,2|4), and we set (/>q = 0. The supermatrices Q do not satisfy the reality condition 
(A.2) but rather 


ci\m)+nq, = o, 



(A.13) 


These matrices can be however related to supermatrices Q satisfying (A.2) as 


Q = 



Q = _e-W4 



(A.14) 


If we would take the linear combinations of Q’s with Grassmann variables d and require that 
■dj-Q f is in su(2,2|4), then we would have real fermions , which is one of the possible 
realisations of the Majorana condition. Instead, in this paper we choose to construct the 
Grassmann envelope as f. Requiring 


implies that 

= (A.15) 
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Defining the barred version of a fermion we then obtain the following realisation of the 
Major ana condition 

Oil = = -e,\ K^-^Kka. (A.16) 

Throughout the paper we are using fermions with both spinor indices lowered and 
Oj^ with both spinor indices raised/^ so the above equation reads as 

Oi- = +ej^K'^K’^, 

matching the conventions of [26] . In the matrix conventions this equation reads as 

0i = 6\-t^ = +e\{K®K), (A.18) 

where 7 *^ = 7^ (8) I 4 , and hermitian conjugation and transposition are implemented on the 
space spanned by the spinor indices, where the matrices 7 ^ and K 0 K are acting. 


(A.17) 


Commutation relations In our basis the commutation relations involving the bosonic 
elements only read as 


Pm,Pn] 

— Jmn; 


_Pm? J np] 

= ^mnP p 

n-<r^p^ 

Jmn? Jpg] 

— ij]np^mq 

m-fAn) P^Q 


where 


[Pmj Pn] — Jmn) 

[P m ) Jnp] — fJmnPp ne^p) 

[Jmnj Jpg] — {jlnp^mq m-ir^n 


(A.19) 

p^qi 


r}mn = diag(-l, 1 , 1 , 1 , 1 , 1 , 1 , 1 , 1 , 1 ) . 


(A.20) 


Generators from two different subalgebras commute with each other. The commutators 
between odd and even elements with explicit spinor indices read as 




1 






mn/i' 5 


[Q"^, Jmn] = -^6^^ {7mn)b-- 


(A.21) 


The anti-commutator of two supercharges gives 




J I'b'x 


(r")A-Jmn - K^{T")yimn) , (A.22) 


where the indices m,n are raised with the metric rjran- For completeness we also keep the 
term proportional to the identity, since the supermatrices provide a realisation of su(2,2|4). 
To obtain psu(2,2|4) one just needs to drop the term proportional to fig in the r.h.s. of 
the anti-commutator. 

^®The rules for raising and lowering spinor indices are given in appendix A.2, see eq.(A.35). 
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It is convenient to rewrite the commutation relations for the Grassmann enveloping al¬ 
gebra. In this way we may suppress the spinor indices to obtain more compact expressions. 
We define Q^Oi = Q^^6r 


and introduce the 16 x 16 matrices 


7m = 7m<8>l4, m = 0 , 

7 mn = 7 mn G* I 4 , m, 77 . = 0 , ' 


,4, 


7. 


7m = 14 (S'77m, m = 5,---,9, 
„ = l 4 ( 8 ) 7 mn, m,n = 5,---,9. 


(A.23) 


The first space in the tensor product is spanned by the AdS spinor indices, the second by 
the sphere spinor indices. To understand the 10-dimensional origin of these objects see 
appendix A.3. In the context of type IIB, one loosely refers to 7 ^ as gamma matrices 
even though they do not satisfy the Clifford algebra. With the above definitions, the 
commutation relations of 5 u( 2 , 2 | 4 ) involving odd generators are^® 

1 






(A.24) 


1 


Pm - 2 ^ - 7 " 


i)i’j - 2^^"^ 


(A.25) 

Here we also used the Majorana condition to rewrite the result in terms of the fermions A/. 

Supertraces In the computation for the Lagrangian we will need to take the supertrace 
of products of two generators of the algebra. For the non-vanishing ones we find 

str[PmPn] — Vmm 
Str[JmnJpg] — {jlmp'^nq 'nmqVnp) ^ 

Str[JmnJpg] = {'Hmp'nnq 'nmqf]np)j 

str[Q^^Q'^^] = -2e^-^K^K^. 

The last formula for the supertrace of two elements from the Grassmann envelope reads as 

str[Q'^A 7 = -2e'^^i)jXi. (A.27) 

Z4-decomposition The su(2,2|4) algebra admits a Z 4 -graded decomposition. Introduc¬ 
ing the following automorphism H of s[(4|4), see e.g. [33], 


(A.26) 


stv -1 


H(M) = -/CM*X 
with /C = diag(A', K) and denoting the supertranspose 






mil 

-17121 

m*i2 

m22 


(A.28) 


(A.29) 


the real form = psu(2,2|4) can be decomposed with respect to H into a direct sum of 
four graded vector subspaces 

^ = ^( 0 ) 0 ^( 1 ) 0 ^( 2 ) ^^(3) ^ = {M e H(M) = i^M}. (A.30) 


^®For commutators of two odd elements we need to multiply by two different fermions otherwise 

the right hand side vanishes. 
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The bosonic generators J and P have degree 0 and 2, respectively, 


0(J) = +J, n(P) = -P. (A.31) 

In our basis the action of on odd generators is also very simple 

= i-lY+U , (A.32) 


meaning that odd elements with 1 = 1 and 1 = 2 have degree 1 and 3, respectively. We 
introduce projectors on each subspace, whose action is 

pW(M) = ^ (m + . (A.33) 

Then will project on generators J, P^^^ on generators P, and P^^^, P^^^ on odd elements 
with labels 1 = 1,2 


P(^)(Q 


I Ota' 




IJ 


IJ\r\J aa 


+ '^3 )Q 


p(=^)(Q 


I aa 


IJ\r\J aa 


) = 2 ('^ -^3 )Q 


(A.34) 


The definition of the AdSs x coset implies that the generators J of degree zero which 
span the so(4,1) © so(5) subalgebra are projected out. 


A.2 Spinor rules 

For raising and lowering spinor indices we adopt the conventions of [47] 

A“ = A„ = (A.35) 

where are the components of the matrix A, that plays the role of charge conjugation 
matrix. We also have 


K^^K^p = 5Y Kpo.KP^ = 5l, x“A„ = -XaA“. (A.36) 


The five-dimensional gamma matrices have the following symmetry properties 

= -q. Ay^") , 

=-q ti = t'i = +i, q = tj = -i. 


(A.37) 


Here denotes the antisymmetrised product of r gamma matrices and the coefficients. 
The coefficients q are the same for both y^'") and and we label them with the su¬ 
perscript to distinguish from the corresponding coefficients of 10-dimensional gamma 
matrices. For the rules concerning hermitian conjugation we find 


7m = +7°7m7° , 7m = +7m , 

7mn = +7°7mn7° , 7mn = -7mn , 


(A.38) 


With these rules we can derive the following useful formulae for dealing with Dirac conju¬ 
gate spinors 


((ym © l4)6'7)^(70 © I 4 ) = -Olilm © I 4 ), ((I 4 © 7ni)0lYi'yO © I 4 ) = +6'/(l4 © 7m), 

((7mn © 14 ) 6 */)^% © I 4 ) = -Olilmn © I 4 ), ((I 4 © 7mn)0lY{l0 © I 4 ) = -dl{U © 7mn)- 
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Thanks to (A.37) one can also show that given two Grassmann bi-spinors ipaa^Xaa the 
“Majorana-flip” relations are 


X ® V' = —^7^1 V’ ( 7 *'^^ ® 7 ^^^) x- 

With this formula at hand, it is easy to prove that 

= +s'^^ and tjtl = -|-1 


s'^'^07 (yh) 0 = 0 if I 




r 

and GG = —1 


Finally, up to a total derivative the following relations hold 

i)VX = XVi), 'ipiD^-^Xj = XjD-^^i;i. 

A.3 10-dimensional F-matrices 

We use the 4x4 gamma matrices 7,7 to define the 32 x 32 gamma matrices F^ 
Fm = 0-1 (g) 7m G) I 4 , m = 0, •••,4, Fm = 0-2 0 I 4 <8) 7m, m = 5, •••,9, 


(A.39) 


(A.40) 


(A.41) 


(A.42) 


that satisfy {Fm,F„} = 2r]mn- We also define Fn = Fo---Fg = CJ 3 <g) I 4 (g) I 4 . Anti¬ 
symmetrised products of gamma matrices are Fm^-m^ = • • -F^^]. The charge con¬ 

jugation matrix is defined as C = i a 2 ®K®K, and = — 132 - In the chosen representation 
the matrices F^) have the symmetry properties 


(Crh))* = CFh), 

C(fW)*C =Fh), ^ ^ _1. 

For hermitian conjugation we find 

pOfFh)itpO = / ^ = 1’2 mod 4, 

^ ’ \-FW, r = 0,3 mod 4. 


(A.43) 


(A.44) 


Given two 4-component spinors 'ip, 'ip transforming in the fundamental representations of 
su(2,2) and su(4) respectively, a 32-component spinor is constructed as 


4'-^ = 






4'_ = 


0 




(A.45) 


for the case of positive and negative chirality respectively. In the main text we use 16- 
component fermions with two spinor indices Oaa, and we construct a 32-component Majo- 
rana fermion of positive chirality as 


0 = 


'0, 


0 = e^c = (0, 1 


(A.46) 


In (A.23) we have defined the 16 x 16-matrices 7 ^. Now we see that 


0lFm02 = 0l7m^2 


7m = 7m 


m = 0, • • • 4, 


7m = 14 G) i7m, m = 5, • • - 9, 


(A.47) 
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The above formulae explain the reason for the factor of i in the definition of 7 ^ for the 
sphere. In the same way we can explain why there is a + sign and not — in the definition 
of for the sphere, computing 


f Tmn ~ 7mn ® l4) 
0irprmn02 = ^ \ 'ymn = I4 ® Jmn, 

[ Imn = - 7 m ® 

Similarly, for matrices of rank 3 we would obtain 


m, n = 0, • • • 4, 
m, n = 5, • • • 9, 
m = 0, • • • 4, n = 5, • • • 9. 

(A.48) 


0lTmnp02 — mnp^2 


7 mnp 

7 mnp 

7 mnp 

7 mnp 


^mnp ® 1-4) 
I 4 ® i^mnpi 
® *7p) 
37 p ® 'ymn-: 


m, n,p = 0, • • • 4, 
m,n,p = 5,- ■ - 9, 
m, n = 0, • • • 4, p = 5, • • • 9, 
p = 0, • • • 4, m, n = 5, • • • 9. 

(A.49) 


A.4 Vielbein and spin connection for AdSs X and (AdSs X S^)n 

Here we list the components of the vielbein and spin connection for AdSs x S® . In our 
parameterisation (2.7) the vielbein = e^dX^ is diagonal and given by^® 

4 = \j^ + 42 = “/^sinC, e4 = -pcosC, el = -p, ^ ^ , 

^ (A.50) 

4 = e ^2 = -^sin^, =-rcos^, =-r, e® = 

The non-vanishing components of the spin connection cj™"' = are 


= p, 
.13 


UJ. 


34 

'< 


= -Vi + P^ 


“ COS 


, ,59 _ „ 

^2 = -cos^. 


‘^4 = “\/l + P^sinC, 


U) 


89 




= -v^l - r 2 sin^, 


cu; 


'bt 


= -Vl + /° cosC, 


= sin C, 


w™ = — \/l — cos ^ . 


w, 


78 


“=sin^, 


and it can be checked that copp satisfies an equation 


(A.51) 


(A.52) 


where anti-symmetrisation of indices m and n is performed with the weight 1 / 2 . 

^^Considering even rank F-matrices we need to also insert an odd rank F-matrix to have a non-vanishing 
result for ©1,2 of the same chirality. 

^^^To avoid confusion with tangent indices, we write curved indices with the explicit names of the target- 
space coordinates. 
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For the (AdSs x S^)rj background we will use the following diagonal vielbein 


^ - 




2 ^2 ’ 




A’2 = -psinC, 


e,/,. — — 


1 


pcos Q 


\/l + x^p^sin^ C' 


~3 __P_ ~4 __ 

yrT>?/?sh?C’ ^ a/1 + /O^a/I — ’ 

r cos ^ 


^ ^ Vl-r 2 

a /1 + ’ 

5? = - ’■ 


(A.53) 


g ^2 = -rsin^, e/ =- 


•/l + sin^^’ 


1 


e® =- , 

^ Vl — r^-/! + 


a/ 1 + sin^ ^ ’ 

Finally, the deformed spin connection compatible with the ry-deformed metric is found from 
the equation 

-run ^ _~N [m + gn] , (A.54) 

where tangent indices m, n are raised and lowered with the Minkowski metric pmn, while 
curved indices M,N with the deformed metric Gmn- 

B Derivation of the fermionic Lagrangian and K-symmetry 
B.l Construction of the inverse of O 

In this appendix we construct an operator 0~^ to several orders in fermions. The pertur¬ 
bative expansion (2.18) starts from the operator Oyg) — ^ ~ V^sb ° need to 

know the action of iigj, on the superalgebra p5u(2,2|4). 

Action of O on psu{2, 2|4) The action of i?gt,on the basis of generators of psu(2,2|4) 
is found to be 


R,,iPn.) = Xm^Pn + lx7Jnp, 


Rgbi^rnn) — + r,^rnn^pqi 


R,,{Cl^) = R{Cl^) = -e^-^Cl\ 

where the coefficients Am"', AJ^f, A^„, A((f„ are 


(B.l) 


X 4 _ \ 0 _ „ 

^0 ~ ^4 ~ Pa 
A 5 ® = — a/ = r, 

A?' = Af = A« = Aj* = 

Af = Af = A® = Af = -VlT7‘ 


>'¥ = = -P \/1 + sin C, 


,24 


A 2 ' 

A 7 ® 


-As^ = -p^sinC, 
-Ag'^ = sin^, 


AqI — Ag2 — Ao3 — Aq 4 — Y 1 + p^, 
= A 57 = Agg = A 59 = y/l — , 

A24 = “AI4 = p\Jl + p2 sin/ 


AJ^ = -Af = -pcosC, 


,23 


Ae =-As =rcos^, 

Xf = -Xl^ = fa/i -r2sin^, 

Ai2 = -Ai3 = -pcosC, 

Act = -A 78 = -’’cos^, 

A79 = -AL = r\/l - r 2 sin^, 


(B.2) 


(B.3) 


(B.4) 
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\14 _ \Z4 _ \ci4 _ \Ui _ \UZ _ \Ucl _ ^ 

^01 — ^02 — ^03 — "^14 — "^24 — ^34 — “Fi 


^24 


>34 


01 


>02 


>03 


= -Ai = = -Ji + p2cosC, 


23 


AI 2 = -Aii = sinC, 


12 


A24 = -A34 = (1 +P^)sinC 


(B.5) 


\69 _ ->79 _ \89 _ ->56 _ ->57 _ \58 _ ^ 

^56 ~ "^57 ~ "^58 ~ "^69 ~ "^79 ~ "^89 ~ ' > 

x69 _ 3,67 _ x89 _ 3,78 _ .A ;2„™t 
Ag 7 — — Agg — —Ajg — Agg — —V i — r COS 4, 

The A-coefficients have the following properties 

\ n ^ ^nn' \ m! Xnp ^ „nn' np' \ m' 

Am Vmm'V ^n' 1 Vmm'V V ^n'p'i 


Ar 7 = -A^I = sin^, 

A?9 = -A8l = (l-r')sine 


(B. 6 ) 


= (B.7) 


that will be used to simplify some terms in the Lagrangian. For completeness we give also 


the coefficients w'^ defined in (B.ll) corresponding to the action of O 


( 0 ) 


04 2^^! 

^0 = >^ 1 -AwT: 


W 


12 




1 — X^p- 

= —xpcosC, 


W2^ = —K 


1 + sify C' 

2 p^ sin C cos C 


1 + sin^ C' 


02 2 / 5 VI + sinC 

tCg = X 


= X 


104 ^ = X 


1 + x2p4 sin^ ( 
pcos C 

1 + x^p^ sin^ (’ 

1 — x 2 p 2 ’ 


Wf = -x 2 


r\/l - 
1 + x^r^ ’ 


Wq'^ = xr cos fy 


= —X 


= -X' 


\/l - r2 

1 + x^r"^ sin^ ^ ’ 

2 sin ^ cos ^ 

1 + x^r^ sin^ ^ ’ 


c 7 9 r^\/l — sin f 

tCg = x^ 


tcf = -X 


1 + x^r^ sify ^ 
rcos^ 


1 + x^r"^ sin^ ^ ’ 
2 


59 T 

^9 = -9^) 

^ 1 + x^r^ 


ii;?i = x 


wf" = -X' 


2 pVi + p^ sin C 
1 + x^p^ sin^ C ' 


24 2pV 1 + P^ sin^C 

102 = —X 


wf" = X 


1 + x^p^ sin^ C ’ 


34 pfyl + p 2 sin C 

^^2 


1 + x^p^ sin^ C 


1 + x^p"^ sin^ fy 


„,,24 _ Pv^TT^ sin ^ 

^^l + xVsin^C’ 


34 2pV 1 + /5^ sin^C 

ICg = —X 


1 + x^p^ sin^ C, ’ 

(B. 8 ) 


wf = -x‘ 


79 

tcfy = -X' 


wf = -x^l -r2, 

r^fyl — r 2 sin^ 

1 + x 2 fy sin^ ^ ’ 

2 r^ \/l — r2 sin^ ^ 


1 + x^r^ sify ^ 


on rVTAA^sinf 

^7 =^TA- 2 4 • 2c ’ 

1 + x^r^ sm^ 4 




\/l - r 2 


1 + x^r^ sin^ 4 ’ 


7 g rVl — r 2 sin 4 

1 + x^r^ sin^ 4 ’ 


gq 2 7’^\/1 ~ sin^ 4 

l + x 2 fysin 2 4’ 


(B.9) 
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These formulae allow one to determine the action of O(o) on psu(2,2|4). The next two 
terms in the expansion (2.18) read explicitly as 


0 (i)(M) = od(M)] -r?i2g,([x,d(M)]), 

C>( 2 )(M) = r][x,Rs,{[x,d{M)])] - ^r]Rg^{[x,[x, d{M)]]) - ^viixAx, Rgt. ° d{M)]]) 

= {[x,[x, Rsb ° diM)]] - RQ^[x,[x,d{M)]]) - [x,0(^i){M)], (B.IO) 

where we use again the notation x = • 


Perturbative inversion Now we are ready to invert the operator O. We will do it up 
to quadratic order in fermions. 


Order 0° 

Using the results above we find that on the inverse of O(o) acts as 

1 


/qmv/p 'i _ )L np I 

^( 0 ) V'*' ^ ' 2 


where we have 


= k^ = ^ 

f^Q 2 2 ’ 

1 — 

h 5 _ u 9 _ ^ 

^5 -^9 - i + ^2^2’ 


= +k° = 


ki^ — 1 , k-^ — k'^ — 

^6_i u 7 — u 8 — 

H.Q — 1, — ft,g — 


1 


XyO 


jL 9 _ U 0 _ 

A.C — rin — 


1 — x 2 p 2 ’ 


xr 


1 + sin^ C ' 

1 

1 + sin^ ^ ’ 

xp^ sin C 
1 + x^p^ sin^ (’ 
>.8 ,.7 xr^sing 

® l + x^r'^sin^^ 


^ 2 " = -^ 3 ' = - 


(B.ll) 


(B.12) 


(B.13) 


1 + x^r^ ’ 

The coefficients do not contribute to the Lagrangian because of the coset projection, 
and their expression is given by (B.8)-(B.9). 

When acting on odd elements, the inverse operator rotates only the labels I, J without 
modifying the spinor indices 


oiS) (Q') = ^(1 + n/TT^) Q' - f Q- 


(B.14) 


Order 9^ 


We use the first formula of (B.IO) and (2.20) to compute the action of C>(i) and on 
Pm and Q'^. First we find 


0 (l)(Pm) 






+ ie^^Xrn^-Xr^ 


Oj, 


(B.15) 
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and we use this result to get 

e^kr, 


((1 + \/l + x2)5^‘^ - (^i7„ - ^AP'^7pq 


+ i ^(1 + \/1 + x2)e^'^ + XCT^'^^ Xr, 


'y 

H 


(B.16) 


Oj. 


For later convenience we rewrite this as 


0 “T(e"*P^) = --Q^ e^kr, 


C 'v-m ((1 + \/l + 

+ ((1 + VlT^)e^'^ + 

where = (j.Jn ~ ^-^n'^Tpg)) On odd generators we find 


(B.17) 


Oj, 


0 (i)(QV/) = 


— 1 + \/l + x2 


X 


ej 


( *Tp “1“ r. Ap ^mn I “1“ * *^3 T' 


\ n. 


r]P‘>Pn + 


that helps to compute 


o;;j(QV-;) = -I Sk 


+ (-1 + \/l + (^ijp + 


+ i (xo-p - (-1 + \/l + x2)e^-^)Ap’^7^ 


(B.18) 


(B.19) 


V’/ Pp + 


In these formulae we have omitted the terms proportional to imn and replaced them by 
dots, since they do not contribute to the Lagrangian. It is interesting to note that the last 
result can be rewritten as 


Op(Qp/) = Ok 


1 


(-xcrP + (-1 + Vl + x2)(5-^^)Ap 


+ (xct3^^ - (-1 + ^/lT^)e^^)Al F-? P, + 


(B.20) 


where one needs to use (B.7). The quantities Ap A p, are defined by = OkA^, 

and (Apii')tp = 0 i^A^,. 

Order 6^ 

We need to compute the action of O and 0~^ at order on generators Pm- Indeed 

the operators 0 ( 2 ) and 0 ( 2 ^ acting on generators contribute only at quartic order in 
the Lagrangian. First we find 


x:: 


0 ( 2 )(Pm) = -^9k 


xKI 


'yq ( Tm T ^"^nfTnp ) T m 


- {iq ^m^ln “ Klpln) 


(B.21) 


9l rj'i^Pr + 
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that gives 


>c - 


- o 0 ( 2 ) o = - -^Ok e^k 


< 5 ^^ [lu{ln + ^K^lpn ] - -A^IIvqI 


PQ 


I pq I n 


+ {juK^Jp - ^u^Jpln) 


Olk^'’ P„ + 


(B.22) 


Also here the dots stand for contributions proportional to imn that we are omitting. The 
last formula that we will need is 


-oj;;oO(„ooj5;{e'"p„)= (B. 23 ) 

(-1 + - '-Vyp,) (7„ + + A„''7pA„’'7r) 

+ (-1 + v/rTl?)e'"^( - A/Tp (7„ + + (7„ - A„’'7,) 


-j«K e”*™" 


- >^'^1 y (^7« - 2^u^lpqj (^7n + 2^n 7rsj “ K^lpK''J: 

+ [in + + (lu - \K^1 p^ An'’7r) 

and it was obtained by using (B.7). 


P, + • 


B.2 Contribution .if{ioi} 

Here we show how to write .i?{ioi} in the form (2.25). It is easy to see that the insertion 
of O(oj between two odd currents does not change the fact that the expression is anti¬ 
symmetric in a, /3 and we have 


^(10.) = (oy«,/)'7“<‘«L. (B.24) 

The above contribution contains terms quadratic in dO, a feature that does no match 
the canonical form of the Lagrangian. These unwanted terms remain even in the limit 
of vanishing deformation. They do not cause a problem however, since they are of the 
form €°‘^s^^da0id^6K, where is a symmetric tensor. Thus, although not vanishing, 
these terms can be traded for a total derivative daOidj^OK = daie^^^s^^Oid^Ox) and, 

therefore, they can be omitted. Taking into account that 


= V" ( djj + \hu^rimn) + 


(B.25) 


the contribution can be rewritten as 


00 — 9 np („IK 

■^{101} — “xc 1 <^1 


K 


] OjDi^Df^OL 


V2 V ^ i + 


1 -|- \/l + 

^ OjD^Hl ) . 


(B.26) 
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The last term is the total derivative and we discard it. Although naively the result looks 
as a quadratic expression in this is not so, as we now demonstrate. Let us split this 
expression into three terms 


j = + w22 + WZ 3 (B.27) 

where a symmetric tensor is kept unspecified. For each of these terms we then get 
WZi = 

WZ 2 = (B.28) 

where we used the fact that the covariant derivative D applied to the vielbein gives zero 


e-“’v'J(e^-,„e) = e“'’eJ“7„Py9. 


The final result is 




{ 101 } 


= -^e“^0r ie" 


/ r, 




1 1 




X 


X 


1 + \/l + 




(B.29) 


(B.30) 


JJ 


1 + \/l + 

B.3 Canonical Green-Schwarz form 




Here, following the steps outlined in section 2.2, we explain how to find the necessary field 
redefinitions that bring the original Lagrangian to the canonical form. 

We thus focus on the terms involving derivative couplings only. For convenience we 
collect these terms here, and write separately the contributions with 7 “^ and e"^ 




-{Vl + x‘^6^-^ - - (-1 + + 




{k^m + k^^)e^dpej, (B.31) 




-| - l(v/rT^5^^ - xaf^)7„ + - (-1 + 


- - (-1 + + {k^m - k^^) 


(B.32) 


, ■ ( ij “1 + jj\ 

+ z I (T 3 - ■- - - e 1 7 ^ 


e^dpOj. 
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To simplify this result, we first make the following redefinition of fermions 


Oi 




y/2 


5^-^ + 


K 


1 + Vl + 


<.!■') Dj. 


(B.33) 


Then the kinetic part of the Lagrangian turns into 


^7,9 ^ 
^7,9 ^ _| 




It 


{k^m + km^e^d^dj, 


- -{>ca[^ + (-1 + + (B.34) 


-^(-1 + v^l + Xn^^p 


{k^m + km^Cdp^^J- 


^£,9 


^_9 


= -| 


- (k'^m “ km'^) + 


JJ. 


hxai^ + (-1 + \/l + x‘^)5^-^)Xl^l. 


pq 


e^dpOj, 

(B.35) 


+ ^(-1 + {k^m - krrT) 


—^- 


.-1 + Vl + x2 


K 


^ I m 


e'^dpOj. 


Here we split each of the contributions into two parts according to their symmetry prop¬ 
erties (2.29). Suppose now we perform a shift of bosons (2.28). This shift will generate 
contribution to the fermionic Lagrangian originating from the bosonic one: 


.if(o) ^ ^(0) + + 0(0^), 


(B.36) 


where 

5if7.- ^ ^-^a/3 0^ GmN {dpf?j) Oj - ]^do,X^dpX^dpGMN Oj ffj9j^ , 

= +gr^ (-2da.X^ di GMNf?j dpOj) , 

= +ge“^ Ud^X^ 9i Bmn {dpf?j) 9j + -d^X^ dpX^ OpBmn Oj f[j9j] , 
= +ge“^ (2d^X^ 9i BmnJu dp9j) . 


Here we have used dOp fjj{X) 6j = +0i ffj{X) dOj, consequence of the symmetry prop¬ 
erties of ffj{X), and we cut the expansion at quadratic order in fermions. 
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Now one can see that picking up the coefficients ffj{X) as 


/*f(X) = 


- + (—1 + Vl + Ay 


w 

/ n 


(B.38) 


+ -(—1 + \/l + x2)e^'^Ap"i7„ 


we are able to completely remove the contribution from the Lagrangian 

^7’^ + <5^7’^ = 0. 


(B.39) 


On the other hand, this shift of the bosonic coordinates is not able to completely remove 
the terms with^® 5^^ , are cancelled out, but the ones with are left over. 

However, in the Wess-Zumino like term we can perform integration by parts^® to rewrite 
the result such that derivatives will act only on the bosons 




-1 + \/l + jj 


X 




^9 + v^+ JJ 


(B.40) 


= - 


X 

— 1 + \/l + 


X 


e^'^daX^ {dpe]^) i-fra^j + tot. der. 


Here we also used an important identity 


(B.41) 


After the shift of the bosonic coordinates, the only terms containing derivatives on fermions 
are and The shift will also introduce new couplings without derivatives on 

fermions, as indicated in (B.37). After we collect everything together, the total fermionic 
Lagrangian .if( 2 ) = becomes 


^7=1 




{k'^rn + k„J')e^d0ej 


- 57 “^ [-daX^ 9i Gmn (dpf^j) Oj - ]^d^X^d^X^S pCmn Oj 


^®This statement is only true if one adds to the B-field entering the bosonic Lagrangian an exact form 
with components Btp = ff f a , B^r = ff f • ClsS'By, these will also generate new terms with no 

derivatives on fermions in of (B.37). If these components are not included, cancellation of terms 

with , <j{^ is not complete, but what is left over may be rewritten up to a total derivative as a term with 
no derivatives on fermions. These two ways of treating the problem are equivalent and eventually lead to 
the same result. 

^^Integration by parts of terms containing 7 “^ would generate unwanted derivatives of the world-sheet 
metric and also second derivatives of 
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1 




+ - (-xa(^ - (-1 + Ar7,n„ ^''hrs 

- ]- (^(-1 - + Vl + - x(-l + 2 VI + ><^)cri'^) 


+ - (-1 + yr+^)e''') A/7 

+ + \/l + 


rs^ 

n I B I rs i 


(B.42) 


(xa|" + (-1 + VYT^)B^) 


Oj 


+ ^r^>^ele^ k^.km^OiX 


2(Vl + x2<5^^ + xaf*^) (^7„ (^7„ + ^XP^-fpg^ - ^XP^lpgln^ 

+ (7nAn^7p - Xu^Jp-Jn) 

+ (-(-1 + Vl + - xaf^) (^7„ - ^IpgXP^^ (^7„ + ^A;"7^,^ 

+ (^(1 + 2k^ - Vl + x2)(5'^-^ - x(l - 2 VI + Xu^JpXn^'jr^ 

+ - (-1 + Vl + x2)e'^‘^) Xu^jp (^7„ + |a;*7^,^ 

+ + (-1 + yrT^)e^‘^) - IppgX^A Xn^'j, 


Oj 


and 




_ y ^al3n _ ]LxIJ^ _ 

^ e (JT ^0 7 „ d^'^3 Xn 7j; 


{k^m - k^^)e^dpej 


ge^^ Ud^X^ 01 Bmn {d^ffj) 0j + d^X^ SpEmn 0i ffj0j 


-i + ^/TT 


_ ^ ^ ^ ^ B^d^x^ {d^eZ) ilmOj 


K 


-(- 4 ' + 


K 


i + \/rT 


x.^ 


e'^'^) idm^JlnpQj 




'^^01 {x5^-^ + \/l + e^lme^lJj 


- |6“^(F, - kg^el 01 
1 




+ - [-xa[^ - (-1 + VYT^^)6^^) A^7„^n 
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(B.43) 


- - (^{-1 - 2>? + v^l + - x(-l + 2 V 1 + ^p'^1' 

+ ~ (“1 + \/l + Xp^'-Jn 

+ '-( k 4^ + vin?e")7pe57, 

(jor'-' + (-1 + 4l + x2)e") A”"7„„ej7. 


n^P'^r 


I 

4 


0J 


-le^^xele^k^.km^OiX 

2 (\/l + + xa[^) + |AP‘' 7 pg^ - ^Xl'‘-fpgln"j 


8 

X 


+ (7«An^7p - Xu^Jp-fn) 

+ (-(-1 + Vl+^)S^'^ - xcjf^) (^7„ - ^IpgXP^^ (^7„ + ^A"7„^ 

+ (|(1 + 2 x^ - a/i + - x(l - 2 a/i + x^)a[-^^ XJ’^pXnl^ 

+ - (-1 + Vl + x2)e^-^) A/7p (^7„ + ^A;"7^,^ 

+ + (-1 + \/l + x2)e^-^) (" 7 ^ - |7p5A2'^^ A„^7^ 9j , 


where the function fjj{X) is defined in (B.38). 

In order to put the present Lagrangian (B.42), (B.43) in the canonical form we rede¬ 
fine fermions as Op —)• UpjOj, where the matrix U acts both on the 2-dimensional space 
corresponding to the labels I, J and on the 16-dimensional spinor representation space. We 
will search for U in the factorised form where we attribute the corresponding factors to the 
AdS and sphere, respectively, 


Op —)• {Upj ® Upj)9j , 


(B.44) 


This is not the most general redefinition, but it will serve a purpose. Each of the matrices 
Ufj and Ufj may be expanded over independent tensors spanning the space of all 2 x 2 
matrices 


uh = W + IJ Kf + ^IJ ur + ^ 3 IJ U[ 


cs 


(B.45) 


The objects 1/“’^ with /i = d, (Ti,e, (T 3 are then 4x4 matrices that may be written in the 
convenient basis of 4 x 4 gamma matrices. From the Majorana condition (A.18) we find 
that in order to preserve 9\‘^^ = +9\ {K 0 K) under the field redefinition, we have to 
require that 


7° {{UP^ ® = -{K ® K) (([/“)* ® {Ulf) {K®K). (B.46) 


- 43 - 
















We choose to impose the following individual conditions = K{U^YK and 

([/®)1 = —K(U^YK which are then solved by 

7 = /7+i/pP+i/f'7„. = (B.47) 

The factors of i are chosen here in such a way that the coefficients / are real functions of 
bosonic coordinates, in accord with (A.37) and (A.38). For the Dirac conjugate matrices 
we then find 

= + 7 =/7 -/7p + (b.48) 

Here the coefficients / are the same as in eq.(B.47). 

A transformation we are looking for must bring the kinetic part of the Lagrangian to 
the canonical form, that is 

^2’^ ^ f 7“^ i 0i 5"^ 

i _ (B.49) 

- |e“^ i Oi e^-f^dpOj, 

where is the deformed vielbein given in (A.53). The matrices 17“ and 17® which do this 
job are constructed as follows. For 17“ we put all the coefficients / to zero, except those 
which are chosen to be 


/f =7 


2\ 


(l + \/l - (^1 + \/l + sin2 


i/l — sin^ C 


f5=- 


2 • y- 

K p Sin Q 


^04 _ 
J 


fas 


f23 _ 
J O-B 


fa ’ 

den 

xp (^1 + \/l + Yj 

fa 

J den 

xp^ sin C + \/l — x'^p^ 


(B.50) 


'0-3 




den 


= 2(1 - x^p^) 4(1 + x^p'^ sin^ C) ^ y 1 + ^1 - x2p^ y 1 + y^l + sii2 ( . 
Analogously, for 17® all the coefficients vanish except the following ones 


/I = 7^ 


1^1 + Vl + x'^r^'j ^1 + \/l + x'^r^ sin^ 


2 \ \/l + -\/l + sin^ ^ 


g x^r^sin^ 
Js = 


/; 


3 

den 


^59 _ 
J cr.B 


xr ^1 + v^l + x^r^ sin^ 


(B.51) 


/era 


j78 _ 

J era 


fs 

den 


xr Sin 


/CT3 


^ (^1 + Vl + 

f® 

den 


/Jgj^ = 2(1 + x^V) 4(1 + x^V sin^ ^) 4 \l 1 + \/l + x^r^y 1 + ^1 + x^r"^ sin^ ^ . 
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Since the corresponding transformation involves only the tensors 5 and 1 T 3 , it acts diagonally 
in the 2-dimensional space, i.e. separately for each of the two Majorana-Weyl fermions. 
Define 

U(^i) = Us + Ua3, 17(^2) ^ Us - 9i ^ U(^j)9i 1 = 1,2. (B.52) 

These matrices satisfy 

U{I)U(^l) — 1, ~ 

U{I)U(^J^ U{I)'7mnU(I) 

where there is no summation over I. In fact, the emerging 10 x 10 matrices Aj-/) have very 
simple matrix elements 


(A(,))o° = (A(,))/ 
(A(,))5® = (A(,))/ 

(A(,))o" = +(A(,))4“ 
(A(4))5® = -(A(,))/ 


\Jl — 


(A(/))l^ — 1, (A(/))2^ — (A(/))3® — 


1 


Vl + J 
(- 1 )" 


— 1-, — (A{/))8* 


Kp 

\Ji — 


{-ly 


\/i + ■ 


(A{/))2^ — —(A(7))3^ — —( —1) 


(A(,))/ = -(A^ls" = (-1)^ 


a/ 1 -I- sin^ C, 

1 

1^1-1- sin^ ^ 

r sin ^ 

\/l + gj ]42 ^ 

sin ^ 

1 ^ 1 - 1 - sin® ^ 


(B.54) 


(B.55) 


Remarkably, these matrices are nothing else but the matrices of 10-dimensional Lorentz 
transformations 

(^(/))m {-^(I})n Vpq — "nmn ; 7=1,2. (B.56) 

To implement the redefinition of fermions (B.44) in the Lagrangian, we find it efficient 
to use (B.53). We have, for instance. 


9KU^lm9l -t 9KU(^K)U^lraU(^l)9i = 9{K(^K))mlnU{ k)U[I)9I , (B.57) 

where the identity U(^x)U[k) = 1 inserted. Specifically, 

hb^lm9i ^ ^ 

hb^lm9l^hh'^{K2U"-inUi2)U^l)9l. 

The terms with derivatives on fermions transform (here I is kept fixed) 

eib^lmdp9i ^ 9ib-^{K^i)U^^ndp9i + hb^{Aii))m^7n{U(i)d^U(^i))9j. (B.59) 


The second of these terms will contribute to the coupling to the spin connection and the 
i3-field. 

Finally, to compute the resulting quantities, we need to know how the derivatives act 
on 


^(/)dt/(“/) = <7sn I 
t7f,)d[/f,) = asn f 


/ p{2 sin C,dp + pdC cos () 


I" 


1 -|- sin^ y 
r{2 sin ^dr -|- rd^ cos 
1 -|- sin^ ^ 


723 + 


dp 


1 — x2p2 

dr 


-778 


1 -|- 


704 


759 


(B.60) 
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and also the product of matrices 17(7) 




^mj) 


+ 

(5/jl4 + 


q'i/j(l 4 - ix^p^sinCTi) - ejjx(p^ sin C 723 + Plm) 

a/I — _|_ gjj^2 Q 

cri/j(l4 - sin g 75) + eijx{r'^ sin ^ 778 + r 759) 

\/l + x^r^x/l + x^r'^sin^ ^ 


(B.61) 


As a side comment, when implementing these redefinitions it is sometimes useful to work 
with redefined coordinates p', / , / given by 


p = X ^ sin p^, 


sin^" = X 


sinh / 
sm^ p' 


r = X 


-1 


sinh r7 


sin ^ = X 


sinh 
sinh^ r'' 


(B.62) 


as it helps to simplify some expressions. 

With this last redefinition of fermions done, we obtain the Lagrangian in the canonical 
form (2.30), (2.31). 


B.4 K-symmetry 

Here we work out an explicit form of the ^-symmetry transformations and show that under 
the field redefinition found in appendix B.3 they reduce to the standard form. To start 
with, we rewrite the equation (3.3) in the form 

= Q, (B.63) 

where we also used e = 0~^(^k 0- Further computation will be formally the same as the one 
done in section 2.1. We just need to perform the substitution da —)■ —6^. Let us express 
the left hand side of (B.63) as a linear combination of generators Pm and Q'^ 

= JZ^m + + JZ'Jmn ■ (B.64) 


The contributions of the generators Jmn ''vill not be important for us. The coefficients 
are the quantities that we need to compute for finding how K-symmetry acts on 
the fields. Because g in the right hand side of (B.63) is an odd element g = we have 

JZ = 0’ 3s^,i = V’/- (B.65) 


Expanding the above equations in powers of 6, we actually stop at the leading order, i.e. 


•m 




# + 0(02) 


<5«X + 


#0 + 0 ( 03 ) < 5 , 0 , 


# + 0 ( 9 ^) 5 ^ 9 , # + 0 ( 02 ) 


(B.66) 


K, 


where # stands for functions of the bosons, in such a way that upon solving equations 
(B.65) we get 5kX ~ #0k and 6^,9 ~ #«. 
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Let us start computing Because of the deformation, the term inside parenthesis 
proportional to contributes 


iV^Pm = 


J5 


1 — rjRg o d 
= Pq 


+ '-9n^5Ji + • • • ) - Q^5Ji + 


9i 

2 


+ (-1 + 


+ i {x4-^ - (-1 + v/f + x2)e^'^)A/7, 


5Jj F" P„ + 


(B.67) 


Imposing the equation = 0 and solving for at leading order we get 

1 X 


6^X^ = -- 9ie^P 


+ (-1 + Vi + x2)5^'^) (^i'yp + 


+ i {xcrl"^ — ( — 1 + vT+^f2)e^‘^)A. 


(B.68) 


p"7n ^k9j + • • • . 


The computation for gives simply 




1 


— rjRg o d - 


Q d/^dj + • 


(^{1 + \/l + x2) d^'^ - Q'^d^di + 


(B.69) 


When we compute the two projections of g as defined in (3.4) at leading order we can set 
0 = 0. Then we just have 


(B.70) 


P(2) o O-^Ap = P(2) o 0-1 (e^P^ + •••)= epmk'^^Pn, 

P(2) o O-^Af^ = P(2) o 0-1 (e^P^ + •••)= epmk^^Pn, 
where the second result can be obtained from the first one sending x —)• — x. Explicitly. 


- e^f^)ef,mk^^ (QlPn + P^Q') 

^(3) ^ 1 (^a/3 ^ |'Q2p^ ^ p^Q2^ 


(B.71) 


A direct computation shows that 


Q^P„J + PmQ^ = Q^Pm + PmQ^ = +^Q^7m- 


(B.72) 


We get 


= QVi, V'l = ^(7“^ - i-epmk^^^n + 

^( 3 ) = q 2 ^ 2 , ^2 = {-epmk^^^n + epmk^^Jn) f^a2 


(B.73) 
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Finally, we solve the equation = 'tpi^ obtaining the k- variation of fermions 


6k,9i — -/ „ ((1 + \/l + ^|JJ. 

1 + Vl + x'^ ^ 

Setting X = 0 the formulas are simplified to 

= -| ei5^^e^Pjp6,9j + • • • , 

Sk9i = ipi, 

i>l = - £“") + 4”^™) '=«!. 

</>2 = j(r'’ + (-c?7„ + e?“7„) k.2. 

showing that the Ac-symmetry variation is the standard as expected. 


(B.74) 


(B.75) 


To put the original Lagrangian in the canonical form we performed the field redefini¬ 
tions and now we have to understand how the K-symmetry transformations look like for 
the redefined fields. Upon rotation the variation of fermions is modified as 


9i -t Uij9j 6 k,9i -)■ Uij6k,9j + 6JJij9j, 


(B.76) 


and since we are considering 5^9 at leading order, in the following we will drop the term 
containing 5^Uij. We first redefine our fermions as in (B.33) and we get 


= -^ 9ie^P 


- {^crV + (-1 + \/l + 


mn 


p '^mn 


-|- i (xcr|‘^ — (—1 -|- Vl + x2)e^'^)A 


•P In 


^k9j + • • 


(B.77) 


5k9i = 


1 -|- \/T+~j? 


■07 . 


When we shift the bosons as in (2.28), their variation is modified to 6k.X^ —)■ S^X^ + 
‘^9ifij5K.9j + 9i6K.fjj9j. Once again, since we are considering the variation at leading 
order, we drop the term with Using the explicit form of the function ffj given 

in (B.38), we find that after the shift of the bosons their variation becomes 


5,X^ = -29jffj5Jj - - 9je^P 


+ (-1 + + 


+i - (-1 -h -h x2)e^'^)Ap”7^ 

^k9j H -. 


2 " mn 


5^9J + • • • (B.78) 
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The shift does not affect at leading order. The final result is obtained by implementing 
the bosonic-dependent rotation of fermions (B.44) 

= -iM"e"'"7„W7 + ---. 

6A = Q{7“'’ - £“'’)l?(l) (-e^„»:’””7„ + e^„»:"’”7„) 

(i{7“'’ + e“'’)i/(2| (-e;5„J:"’"7„ + eg,nk"’"%) ^„2) • 

The variation of bosons already appears to be related to the one of fermions in the standard 
way. It has actually the same form as in the undeformed case, but with the vielbein of the 
deformed theory. We can also bring the variation of fermions to the standard form if we 
use the fact that for both expressions 


^al Tm ) ; 


\ 1 , /l , 2 ^( 1 ) 

V 1 -h vi + 

\/ i + VTT^ + epmk^^ln) ^«2 = + ^7m) ^«2 , 

where we have inserted the identity 1 = and defined 


(B.80) 


- /i'+TrtTi 

To summarise, we find the following expressions 

= i’ll 

= J(7"^ - e“^) + ^Im) kal, 

^2 = ^( 7 "^ + e“^) + '^Im) ka2, 


(B.81) 


(B.82) 


to be compared with their undeformed counterpart (B.75). As we see, the only difference is 
an appearance of tilde in (B.82) which signifies the quantities of the deformed background. 

One can also write ^-variations in terms of 32-dimensional fermions 0. To this end, 
we introduce 32-dimensional spinors K which have chirality opposite to that of 0 


K = 



(B.83) 


The variations above are then written as 


(B.84) 
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The 10-dimensional gamma matrices Tm are defined in appendix A.3. 

Let us now look at the ^-variation of the world-sheet metric, which expression is given 
in (3.8). This variation starts at first order in fermions. Then we have to compute 


o 0-\aI) = o o + 0{9^), 

o 0-\A^) = p(3) o D^^-^9j) + o + 0{9^). 


Let us start from the last line. We have 


P(3) o Ogj(-Q^ Df^J^9j) = - Q(1 + + x2) 5^2 _ 1^/2 ^ Q^2jjfnjQ^ 

p(3) o = -|q2 ((1 + + {iln - 


+i (^(1 -h \/l + x2)e2'^ -h xcrl-^) 


Oj 


(B.86) 


where quantities with the subscript “-I-” or “-” are defined through (3.9). For the first 
line we can use that and coincide on odd elements, while on even elements their 
action is equivalent to sending x —)• — x, and we can write 


OJS) (QO = OjS) (Q') > OjS) (P™) = + #j, (B.87) 

where r]mm'k^'. On the other hand, the action of on even elements is 

minus the one of 0 ( 1 ) 

0(l)(Pm) = —C’(l)(Pm) • (B.88) 

These considerations need to be taken into account when computing the action of 0(ij on 
Pm- Then we find 


O 0“;(-Q^ of -"^j) = - (^(1 + Vl + x2) 5 ^^ - ) Q'pf , 


o 0“;(e(;!^Pm) = + jQ' 


((1 + \/l + x2)5^-^ - XCjP) {i-1^ - 


-\-i ^(1 -|- \/l x2)e^‘^ -|- xcTg'^^ 


■y 

h 


Oj. 


(B.89) 


When computing the commutators in (3.8), we should care only about the contribution 
proportional to the identity operator, as the others yield a vanishing contribution after we 
multiply by T and take the supertrace. 

We write the result for the variation of the world-sheet metric, after the redefini¬ 
tion (B.33) has been done 

y 1 -I- Vl + ><2 


- 1 + 






(\/l + x2e^^ 


I 1J\ m3 
Txag )e+'"7. 
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(B.90) 



Here we have written the result in terms of k = We do not need to take into account 

the shift of the bosonic fields (2.28), since it only matters at higher orders in fermions. 
To take into account the last fermionic field redefinition and write the final form of the 
variation of the world-sheet metric, we split the result into “diagonaP’and “off-diagonal” in 
the labels /, J 




0:/3 


diag 


= 2i 


S"+ 9l + C(i)7C/,„ 


- j (wr”(A,„) - xe7t'‘„A«(A„|)/(A(„)/7p',.) 

+ ((A(„)„”‘'7„. - ((A(„)„”'7„. + ><A„f(A,„)/7p.)) Vi 


+ ^_[d^_ + U(2)d%2) (B.91) 


47“^ 


T I ofF-diag 


= —vT+^<A 


R?+U^i)U(^2)ef ((A(2))r 7^' - A7.^’(A(2))/7 pO O 2 


- n-U(2)U(i)e^^ ((A(i))r 7w + >^krrr A„^’(A(i))/7p,) 9^ 


(B.92) 


Looking at the diagonal contribution, we find that the terms containing rank-1 gamma 
matrices actually vanish, as they should. The rest yields exactly the expected couplings to 
spin connection and 




(B.93) 


(^K7"^|diag = 2i 

+ if. - jS7”7™„ - «2 

When we consider the off-diagonal contribution we find that it gives the RR fields 

i.7“'’|oMl.s = 2i (-ie*") ilf+ fpi}'! + 17 “”''?^ + ^7"””-^®™) 77™ »: 
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k" ( -L ^ ^.npqrs p{5) 

' ^2— I ^ 2 5!^ npqrs 




(B.94) 


where the components of the RR couplings appear to be the same as in (2.33)-(2.34)- 
(2.35). Putting these results together, we find the standard ^-transformation also for the 
world-sheet metric (3.10). Rewriting of this variation in terms of 32-dimensional spinors is 
straightforward. 


C Quantisation of the light-cone Hamiltonian 
C.l Light-cone Hamiltonian 

Our starting point is the Lagrangian with 16 K-gauge-fixed fermions 0^ written in the form 
9..a0^ vMc, vNA , 9 


C=- + ^-e^^d^X^dpX^BMN + 


(C.l) 




Here we define the effective metric and B-field 


Gmn — Gmn + G^mn ’ Bmn — Bmn + B^mn > 


(C.2) 


where and B^^^ are quadratic in fermions. 

We write the Lagrangian as = 1) 

^ = -\Y^GmnX^X^ - 9{Y^Gmn - Bmn)X^X'^ - + D . (C.3) 


Here 


and 


+ iQaW'^M : 


(C.4) 


D = -|7"" [GmnX'^X'^ - iX'^Qam&'bl + + ^X'^QawtQb ■ 


The canonical momentum is 


Pm = -qY'^GmnX^ - qY'^GmnX'^ -|- qBmnX'^ - | Hm 


(C.5) 

(C.6) 


and therefore 


X^ = -^G^^ipN + qY^GniX'^ - qBnlX'^ + ^-^n 

57 V 2 


(C.7) 


We define the Routhian 


R = pmX^ -■^ = -^Y^GmnX^X^ - D, 


(C.8) 
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and expressing in terms of the momenta pM we then find the phase space version of 
the Lagrangian up to quadratic order in fermions 

if = PmX^ - + IgX'^QawtQh + , 

Cl = pmX'^ - + '-gX'^Qawt^’b , (C.9) 

C 2 = G^^pmPn + ^GmnX'^X'^ - 2gG^^pMBNKX'^ 

- ifx'^Oaft^e'b + igpMG^^OaW'^^e', . (C.IO) 

The light-cone coordinates are introduced through 


t = x+ — ax- , (j) = x-\- + {1 — a)x- , 

pt = {I - a)p-- p+, p^=p+ + ap-, (C.ll) 

and the l.c. gauge is 

x+ = T, p+ = l. (C.12) 

We write the kinetic term and the first constraint as 

ifkin = Pkx’^ - - ^©a(/(t) " + P- , 


Cl = x'_ +pkX'^ - '-Qaf^^e'b - |0a(/(t) - 5<))e;, (C.13) 

where 

PMG^^r^ = /(“') + /(t) + • • • , X'^wt = <) + • • • . (C.14) 


Here /(g) is a constant matrix which squares to the identity, while /(i) and rc(i) are quadratic 
in transversal bosons. 

Now one sees that to get the canonical Poisson structure up to quartic order in the 
fields one performs the following shift of fermions 

e„ ^ e. - ieo(/,f, - , (c.15) 

where /i?7o) = ^aj and /©i as a matrix coincides with /(g). 

After this shift and up to the sixth order terms in the fields the first constraint takes 
the form 


Cl = x'_ -I- pkx'^ 

and from Ci = 0 one finds 

x'_ = -pkx'^ + 



(C.16) 

Qa/S©',. 

(C.17) 


The Hamiltonian is then found by solving the second constraint for p_. The quartic 
Hamiltonian is too complicated to be presented here but the quadratic Hamiltonian has 
the same form as in the undeformed case up to some x-dependent factors. 
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C.2 Quantisation 

To quantise the model we introduce the two-index notations for the world-sheet fields which 
differs from the one used in the review [33] by the exchange of the indices 1 and 2, and 1 
and 2 for all bosonic and fermionic fields: 1 -f-)- 2, 1 -H- 2. In addition the fermions should 
be multiplied by factors ±i, to be precise 

Qla ■Q2a Q2a -gla _-^a2 ^a2 

This transformation is a symmetry of the undeformed model so the T-matrix would reduce 
to the standard one at x = 0. 

Rewriting the quadratic Lagrangian density in terms of the two-index fields, one gets 
^2 = PaaX^^ + PaaZ'^" + i vLv"" + i ” ^2 , (C.19) 


where the density of the quadratic Hamiltonian is given by 


W2 = + (1 + x") (la4r“ + Y^Y"^ + + Z^Z'”” 

+ VT+TP + 9L«“ + 

The fields satisfy the canonical equal-time (anti) commutation relations 


(C.20) 


[y““(cj,r), P^^(cj',r)] =i6^6^6{a-a), [Z“"(cj,r), P^^{a,T)] = i S^5'^6{a - a), 

{ r“(cj, r) , (cj', r) } = -a'), { r) , r) } = - a'), 

and we choose the following mode decompositions for the bosonic fields 

If, 1 

Up 


V27r J 2^/uJi V bb / 


Paa{cr,T) = 
Z^'^(a,T) = 


1 


V^J 


dp i ^p (e (p, r) - P^^eabe^^^p, r) 

' dp (e*P"a“"(p, r) + (p, r) 


(C.21) 


Paa{(T,T) = J dpi^(e a^^^{p,T) - {p,t)) , 


and similarly for fermionic ones^^ 

g-i7r/4 


r“(cj,r) = 

r?““(a,T) = 




/UJr 


dp 


/UJt} 


[-iPP^ fp a““(p, r) + ie-^P^ hp (p, r)) , 

{ipP^ fp a^\p, t) - ie-^P- hp . (p, r)) . 


(C.22) 


^^Note that the mode decomposition for fermions is slightly different from the one used in the review [33] 
which in fact leads to a T-matrix which differs from the one computed in [34] by some signs. The mode 
decomposition used here gives in the undeformed case the T-matrix from [34]. 
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Here the creation and annihilation operators are conjugate to each other: 

Then, the frequency LOp is given by 


OJ, 


= Vi + 


and the quantities 


1 + 

fp = 


I UJp “ 1 “ \/1 “ 1 “ 


yrrfv 2 • '•^ = '^55- 

l/pl^- + |/p|2 + |/i^|2 ^ 


(C.23) 


(C.24) 


play the role of the fermion wave functions. 

Omitting the time dependence in all the operators and total derivative terms, one finds 
that the quadratic Lagrangian takes the diagonal form 


L2 = y dcjif2 = J dp ’ 

M,M 


with the creation and annihilation operators satisfying the canonical relations 
[a^^{p,r) , aJ^^(p',T)} = SfJ 6^ S{p-p) , 


(C.25) 


where we take the commutator for bosons, and the anti-commutator for fermions. 


D Equations of motion of type IIB supergravity 

In this appendix we collect the action and the equations of motion of type IIB supergravity. 
The field content comprises Neveu-Schwarz-Neveu-Schwarz (NSNS) and Ramond-Ramond 
(RR) fields: 

NSNS: the metric Gmn, the dilaton tp, and the anti-symmetric two-form Bmn with 
field strength Hmnp] 

RR: the axion y, the anti-symmetric two-form Cmn, and the anti-symmetric four- 
form Cmnpq- 


The RR field strengths are defined as 

Fm = QmX ) (D-1) 

Fmnp = “dd^MCNP] + xHmnp , (D-2) 

FmNPQR = ^Q^^mCnPQR] — 15(R[MAr5pC'QK] — C\^MNdpBQR]) . (D-3) 


Square brackets [, ] are used to denote the anti-symmetriser, for example, 

3 

Hmnp = “dd^MFNP] = ^ d-w(M)BT,[N)'n{P) = dMBNP + dNBpM+dpBMN , (D-4) 
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where we have to sum over all permutations vr of indices M, N and P, and the sign 
(—is +1 for even and —1 for odd permutations. The equations of motion of type IIB 
supergravity in the string frame may be found by first varying the action 


S = 


2h<? 






FmnpqrF^^^^^] 


+ 


1 


8-4! 


; ^1" ■ ^10 Cmi M 2 Ms M4 9Ms Bmq Mr 9Mg CMe, Mw 


22 


and after that by imposing the self-duality condition for the five-form 

TM1M2M3M4M5 = • 


(D.5) 

(D.6) 


Here G is the determinant of the metric, R the Ricci scalar, and for the anti-symmetric 
tensor e we choose the convention e0...9 _ ^ eo ...9 = —1. Let us write the equations of 

motion for all the fields. 


Equation for the dilaton ip 

Ad^ipdM^-dd^9M^-ddMG^^dNip-2dMGpQG^^d^ip = R-^HmnpH^^^ . (D.7) 
Note that OmGpqG^^ = 29m log y/—G. 


Equation for the two-form Bmn 


dp{yFGe-‘^^H^^^) + V^FpF^^^ + ^V^F^^^^^Fqps = 0 (D.8) 

This equation has been derived by using (D.IO) and (D.ll). 

Equation for the axion x 

9m(V^9^x) = ^V^FmnpH^^^ . (D.9) 

Equation for the two-form Gmn 

dpiV^GF^^P) - ^s/FgF^^Q^^Hqrs = 0 (D.IO) 

Equation for the four-form Gmnpq 

^^With this convention the flux of Fg through the deformed sphere is negative. 
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Einstein equations 


Rmn — -^GmnR = Tmn , 


(D.12) 


where the stress tensor is 
Tmn = Gmn 


2d^idp^) - 2G^^T’^QdR^ - 2dp<pd^ip - ^HpqrH^'^^ - ^e^'^FpF^ - FpqrF^^^ 


—2dMdN<fi + 2TMNdpip + -FFmpqHJ’'^ + -c'^'^FmFn + FmpqFJ^'^ + ^ FmpqrsFJ^^^^ . 


(D.13) 


and the ChristofFel symbol is 


^MN = 2^^^{dMGNQ + QnGmQ — QqGmn) ■ 


(D.14) 
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